Single parameter testing  final report by Sterling, J. T. et al.
S I N G L E  PARAMETER T E S T I N G  ' 
F I N A L  REPORT 
NAS 8-11715, Pa r t  I11 
Prepared by 
E.L. B e r g e r  
J.C. Jackson 
J .T.  S t e r l i n g  
E l e c t r o n i c  S i m u l a t i o n  Unit 
GENERAL ELECTRIC COMPANY 
APOLLO SUPPORT DEPARTMENT 
DAYTONA BEACH, FLORIDA 
65 SIMAR 89/7 
https://ntrs.nasa.gov/search.jsp?R=19650024407 2020-03-17T01:20:51+00:00Z
TABLE OF CONTENTS 
SUMMARY 
1.0 INTRODUCTION 
2.0 THE THEORY O F  SINGLE PARAMETER TESTING WITH 
GROWING EXPONENTIALS 
2 .1  I n t r o d u c t i o n  
2.2 O r t h o g o n a l i z e d  S i g n a l s  
2 .3  O r t h o g o n a l  S e p a r a t i o n  of the  S i g n a l s  
2.4 Orthogonalized T r a n s f e r  F u n c t i o n  
2.5 P a r a m e t e r  E f fec t s  Upon  t he  Measured S i g n a l s  
2.6 S i n g l e  P a r a m e t e r  T e s t i n g  T h e o r y  Applied t o  a 
F i r s t  O r d e r  T r a n s f e r  F u n c t i o n  
2.7 S i n g l e  P a r a m e t e r  T e s t i n g  T h e o r y  A p p l i e d  t o  a 
Second O r d e r  T r a n s f e r  F u n c t i o n  
2.8 Active N e t w o r k s  
3.0 THE RESULTS OF SINGLE PARAMETER TESTING 
3.1 F i r s t  O r d e r  T r a n s f e r  F u n c t i o n  
3.2 Second Order  S y s t e m  
3.3 Second Order  Sys t em w i t h  a N o n l i n e a r i t y  
3.4 T e s t i n g  on  X-Y P l o t t e r  Servo Sys tem 
3.5 Sixth Orde r  System 
3.5; 1 I n t r o d u c t i o n  
3.5.2 P a r t i a l  Sys terns 
3.5.3 The Orthogonalized S i g n a l s  
3.5.4 D e t e r m i n a t i o n  of t h e  H Matrices 
3.5.5 The R e s u l t s  U s i n g  M o d u l a t i o n  Matrix One 
Page  
1-1 
2-1 
2-1 
2-3 
2-5 
2-6 
2-7 
2-12 
2-15 
2-23 
3-1 
3-1 
3-5 
3- 11 
3-13 
3- 18 
3-18 
3-19 
3-21 
3-22 
3-23 
i 
TABLE O F  CONTENTS 
( C o n t i n u e d )  
Paqe 
3.5.6 The R e s u l t s  U s i n g  Modulat ion Matrix T w o  3- 24 
3.5.7 The R e s u l t s  U s i n g  Modulation Matrix Three 3-25 
3.5.8 S i n g l e  P a r a m e t e r  T e s t i n g  w i t h  G a u s s i a n  
White N o i s e  3-32 
3.5.9 S i n g l e  P a r a m e t e r  T e s t i n g  U s i n g  T i m e  
S a m p l i n g  3-33 
4.0 SUMMARY O F  RESULTS 4- 1 
5-1 5.0 CONCLUSIONS AND RECOMMENDATIONS 
BIBLIOGRAPHY 
ii 
. . -  
FIGURE 
LIST  O F  FIGURES 
PAGE 
2 - 1  
2-2 
2- 3 
2-4 
2-5 
2-6 
3- 1 
Instrumentation Scheme 2- 1 
Orthogonalized Portions of a Transfer Function 2-2 
Test ing Signal Being Processed 2-8 
Triode Amplifier and Equivalent Ci rcu i t  2-25 
Pentode Amplifier and Equivalent C i rcu i t  2-27 
Trans i s to r  Audio Amplifier and Equivalent C i r c u i t  2-30 
Parameter Variation and Predic t ions  f o r  F i r s t  
Order System 3- 2 
3- 2 Parameter Variation and Predict ion f o r  Second 
Order System 3- 6 
3- 3 Parameter V a r i a t i m  and. Predict ion for  Second 
Order System 3- 7 
3- 4 Parameter Variation and Predict ion f o r  Second 
O r d e r  System 3-8 
3- 5 Parameter Variation and Predict ion f o r  Second 
Order System 3- 9 
3-6 Contours Relating L i m i t s  of Parameters t o  
GO-NO-GO Testing 3- 10 
3-12 3- 7 
3-a 
Non-Linear Deadband o n  Damping Coeff ic ient  
L inea r i ty  Comparison o f  Estimated Parameter 
Variat ions 3-13 
3-16 
3-16 
3-16 
3- 1 7  
3- 1 7  
3-17 
3- 9 
3-iC 
Resul ts  from t h e  X-Y P l o t t e r  Test ing 
3-11  
3-12 
3-13 
Results from t h e  X-Y P l o t t e r  Testing 
Resul ts  from t h e  X-Y P l o t t e r  Testing 
Resul ts  from the  X-Y P l o t t e r  Testing 
3- 14 Resul ts  from t h e  X-Y P l o t t e r  Test ing 
iii 
. . .  
FIGURE 
4- 
3- 15 
3- 16 
3- 17 
3- 18 
3-19 
3-20 
3-21 
3-22 
3-23 
3-24 
3-25 
LIST O F  F I G U R E S  
(Continued) 
Sixth Order System P a r t i a l  System Impulse 
Respon se  s 
F i l t e r  Bank Block Diagram 
F i l t e r  Bank Impulse Responses 
F i l t e r  Bank Impulse Responses 
Results of Testing the Cross-Correlation 
Charac t e r i s t i c s  of the  RespDnses 
Results of Test ing the Cross-Correlation 
Charac t e r i s t i c s  of the Responses 
Determination of t h e  H Matrices Test Setup 
Noise Source Test ing 
The Time Sampling Test Setup 
Results f r o m t h e  Time Sampling Test Setup 
Results from t h e  Time Sampling T e s t  Setup 
PAGE 
3-21a 
3-21b 
3 - 2 1 ~  
3-21d 
3-21e 
3-21f 
3-22 
3- 32 
3-33 
3- 36 
3- 37 
i v  
LIST OF TABLES 
3- 1 Experimental Design Plan 
3- 2 Experimental Design Equations 
3- 3 Modulation Matrix Three 
3- 4 Actual Versus Predicted Parameter Changes 
3- 5 Modulation Matrix for Time Sampling 
3-6 Actual Versus Predicted Parameter Changes 
Page 
3- 28 
3-29 
3-30 
3-31 
3- 38 
3- 39 
V 
.. . . 
SINGLE PARAMETER TESTING 
"There  i s  a bet ter  way t o  c o n d u c t  t e s t i n g "  
SUMMARY 
T h i s  report  gives  t h e  f i n a l  results o b t a i n e d  o n  t h e  NAS 8-11715 
c o n t r a c t ,  i n  t h e  a r e a  of s i n g l e  p a r a m e t e r  t e s t i n g .  The main ob- 
jective of t h e  s t u d y  i s  t o  p u t  i n t o  o p e r a t i o n  better ways of t e s t i n g  
t r a n s f e r  f u n c t i o n s .  The expected s a v i n g s  a r e  f a s t e r  c h e c k o u t  t i m e ,  
be t te r  a c c u r a c y  a n d  less d e g r a d a t i o n  of p e r f o r m a n c e  d u e  t o  t h e  
t e s t  i n g  . 
The r e s u l t s  of t h i s  s t u d y  a r e  pos i t i ve .  
a n d  a c t i v e  t r a n s f e r  f u n c t i o n s .  The s a v i n g s  a r e  f a s t e r  c h e c k o u t  
t i m e ,  f a s t e r  i s o l a t i o n  of p a r a m e t e r s  o u t  of t o l e r a n c e ,  a n d  less 
d e g r a d a t i o n  of p e r f o r m a n c e  d u e  t o  t e s t i n g .  
W e  c a n  t e s t  l i n e a r  p a s s i v e  
The t e c h n i c a l  a r e a s  i n v e s t i g a t e d  h a v e  c o n f i r m e d  t w o  t e c h n i q u e s  
wh ich  a r e  d i r e c t l y  a p p l i c a b l e  t o  t h e  measurement  of t h e  p a r a m e t e r s  
of a t r a n s f e r  f u n c t i o n .  T h e s e  t e c h n i q u e s  a r e :  
1. Growing e x p o n e n t i a l  p r o b i n g  s i g n a l s  ma tched  t o  t h e  
p a r t i a l  system r e s p o n s e s  and f i l t e r i n g .  
v i  
2 .  Growing i m p u l s e  p r o b i n g  s i g n a l s  a n d  t i m e  s a m p l i n g .  
The s e c o n d  method i s  d i r e c t l y  a p p l i c a b l e  t o  c o n f i d e n c e  s a m p l i n g  
for  GO-NO-GO t e s t i n g  of t r a n s f e r  f u n c t i o n s .  Each of t h e s e  t e c h -  
n i q u e s  h a v e  t h e i r  a d v a n t a g e s .  Growing e x p o n e n t i a l s  h a v e  t h e  ad-  
v a n t a g e  of a c c u r a c y ,  w h i l e  t h e  s e c o n d  method i s  s imple a n d  r e q u i r e s  
less equ ipmen t  f o r  i m p l e m e n t a t i o n .  
T h i s  report p r e s e n t s  t h e  t h e o r y  of g r o w i n g  e x p o n e n t i a l s  a n d  t h e  
r e s u l t s  o b t a i n e d  i n  m e a s u r i n g  f i r s t ,  s e c o n d  a n d  s i x t h  order t r a n s -  
fe r  f u n c t i o n s  a n d  a l s o  t h e  pen  p o s i t i o n  c o n t r o l  system of a n  X-Y 
p l o t t e r ,  P r a c t i c a l  problems i n  i m p l e m e n t a t i o n  w e r e  e n c o u n t e r e d  w i t h  
t h e  X-Y p l o t t e r  b u t  w i t h  proper d e s i g n  of t h e  t e s t  equ ipmen t  t h e s e  
problems c a n  be e l i m i n a t e d .  
The t e c h n i q u e s  developed i n  t h i s  program w i l l  be a p p l i e d  t o  a 
n o n - l i n e a r  system model ( t h e  S a t u r n  I B  t h r u s t  vector c o n t r o l  
system) a n d  t h e  r e s u l t s  w i l l  be p u b l i s h e d  i n  a s u p p l e m e n t  t o  t h i s  
report  which  w i l l  be i s s u e d  October 1, 1965. 
CONCLUSION 
The ma in  object ive of t h e  s t u d y  h a s  b e e n  m e t .  W e  h a v e  e s t a b l i s h e d  
a method for  t h e  t e s t i n g  of a c t i v e  a n d  p a s s i v e  t r a n s f e r  f u n c t i o n s .  
T h i s  method was u s e d  o n  s e v e r a l  t r a n s f e r  f u n c t i o n s  a n d  a c c u r a c y  
a n d  measurement  t i m e  proved t o  be a s  good or  be t te r  t h a n  P r e s e n t  m e -  
thods of c h e c k o u t .  F a s t e r  c h e c k o u t  t i m e  i s  a d i r e c t  r e s u l t  of t h e  
me thods  s t u d i e d .  L e s s  d e g r a d a t i o n  d u e  t o  p e r f o r m a n c e  i s  a d i rec t  
r e s u l t  of u s i n g  smooth p r o b i n g  s i g n a l s ,  Accuracy  1s a c c e p t a h l s  
over a p a r a m e t e r  r a n g e  of 2 10% or more. 
v i i  
1.0 INTRODUCTION 
The objective of s i n g l e  p a r a m e t e r  t e s t i n g  i s  t o  tes t  s e v e r a l  
i n d i v i d u a l  p a r a m e t e r s  of a system w i t h  o n e  t e s t i n g  s i g n a l ,  
t h e r e b y  o b t a i n i n g  f a s t e r  c h e c k o u t  t i m e ,  bet ter  a c c u r a c y ,  a n d  
less d e g r a d a t i o n  of p e r f o r m a n c e  du.e t o  t e s t i n g .  
The s t u . d y  program t o  a c h i e v e  t h i s  objective was  divided i n t o  
t h r e e  spec i f i c  t a s k s  : 
P h a s e  A: The deve lopmen t  of methods t o  t e s t  simple f i r s t  a n d  
s e c o n d  order l i n e a r  p a s s i v e  n e t w o r k s  whose t r a n s f e r  f u n c t i o n s  
resemble t h o s e  of a c t u a l  systems. 
P h a s e  B: The i n v e s t i g a t i o n  a n d  s e l e c t i o n  of c r i t e r i a  developed 
i n  P h a s e  A. Ex tend  t h e  a p p l i c a t i o n  of t h e  method t o  i n c l u d e  
l i n e a r  a c t i v e  ne tworks .  
P h a s e  C:  I n v e s t i g a t e  t e s t i n g  i m p l e m e n t a t i o n  p r o b l e m s ,  by 
s t u d y i n g  t h e  pen  p o s i t i o n  c o n t r o l  system of a n  X-Y p lo t t e r  
w i t h  t h e  t e c h n i q u e s  developed i n  P h a s e s  A a n d  B. Extend  t h e  
t e s t i n g  t e c h n i q u e  t o  h i g h e r  order systems. 
To b r i e f l y  o u t l i n e  t h e  steps n e c e s s a r y  t o  implement  t h e  s i n g l e  
n a r a m e t p r  - - - --- t e s t  - -- - in9 t _ ~ ~ h n i q i j ~  which w a s  developed: 
1. Develop a nomina l  system r e s p o n s e .  T h i s  r e s p o n s e  c a n  be 
d e t e r m i n e d  by t h e  s t a t i s t i c a l  measurement  of a number of 
good systems. Once t h e  nominal  r e s p o n s e  i s  d e t e r m i n e d  it 
c a n  be s tored  o n  t a p e .  
1-1 
2 .  Develop a system model which c a n  be u s e d  i n  t h e  deter- 
m i n a t i o n  of a n  e s t i m a t o r .  Good methods  a r e  a v a i l a b l e  
f o r  t h i s  system t r a n s f e r  f u n c t i o n  d e t e r m i n a t i o n .  
3 .  The e s t i m a t o r  i s  d e t e r m i n e d  by a t h e o r e t i c a l  method a s  
described i n  S e c t i o n  2 f o r  f i r s t  a n d  s e c o n d  order t r a n s -  
fer f u n c t i o n s  or by e x p e r i m e n t a l  t e c h n i q u e s  f o r  h i g h e r  
order systems. 
4. The f o u r t h  s t e p  i s  t h e  i m p l e m e n t a t i o n  of t h e  t e c h n i q u e  
w i t h  t h e  a c t u a l  h a r d w a r e  t o  be tested k e e p i n g  i n  mind 
impedance  a n d  s i g n a l  l eve l  m a t c h i n g  c o n s i d e r a t i o n s .  
The g e n e r a l  t e c h n i c a l  a p p r o a c h  of t h e  s t u d y  was l i m i t e d  t o  
systems f o r  which  c o n t i n u o u s  t r a n s f e r  f u n c t i o n s  c a n  be w r i t t e n  
a n d  res t r ic ted  t o  t h e i r  l i n e a r  r e g i o n s .  The t e c h n i q u e s  devel- 
oped i n  t h i s  program w i l l  be a p p l i e d  t o  a n o n l i n e a r  system 
model ( t h e  S a t u r n  I B  t h r u s t  v e c t o r  c o n t r o l  system described i n  
S e c t i o n  3.5) a n d  t h e s e  r e s u l t s  w i l l  be p u b l i s h e d  October 1, 1965, 
a s  a s u p p l e m e n t  t o  t h i s  repor t .  
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SECTION 2 
THE THEORY O F  SINGLE PARAMETER TESTING WITH 
L * *  
GROWING EXPONENT IALS 
P I 
P R O B I N G  NOMINAL 
S IGNAL 2. SYSTEM 
2 . 1 INTRODUCTION 
FILTER 
BANK 
c 
I n  t h i s  s e c t i o n ,  t h e  t h e o r y  w i l l  be p r e s e n t e d  wh ich  a l l o w s  
w . .  
ESTIMATOR 
L. ACTUAL I_ 
s i n g l e  p a r a m e t e r  t e s t i n g  w i t h  g rowing  e x p o n e n t i a l s .  The u.se  
SYSTEM 
of g r o w i n g  e x p o n e n t i a l s  h a s  b e e n  i n v e s t i g a t e d  by Huggins ,  e t  
&-- - 
a l ,  i n  s u c h  a p p l i c a t i o n s  a s  e l e c t r o c a r d i o g r a p h y ,  i n  i d e n t -  
- 
i f i c a t i o n  of s t a t i c  n o n l i n e a r  o p e r a t o r s ,  a n d  i n  system i d e n t i -  
f i c a t i o n  problems. (1-15 ) 
T h i s  method was a c t i v e l y  studied i n  d e t a i l  w i t h  t h e  object ive 
of a p p l y i n g  it t o  dynamic systems. The g e n e r a l  i n s t r u . m e n t a t i o n  
scheme for  measurement  i s  shown i n  F igu . r e  2-1. 
F igu . r e  2-1 
I n s t r u m e n t a t i o n  Scheme 
2-1 
In  a g e n e r a l i z e d  p o i n t  of v i e w ,  t h e  s i g n a l s  a r e  a c o l l e c t i o n  
of vectors i n  IIn'I d i m e n s i o n a l  space. Each of t h e s e  vectors 
i s  o r t h o g o n a l  over t h e  i n t e r v a l  o f  i n t e r e s t ,  a n d  e a c h  vector 
r e p r e s e n t s  a n  i n d e p e n d e n t  c o o r d i n a t e .  
If t h e  system t r a n s f e r  f u n c t i o n  c a n  be expanded  i n  t e r m s  of 
o r t h o g o n a l  l i n e a r  s t a t i o n a r y  o p e r a t o r s ,  t h e n  t h e  measu.rement 
of t h e s e  o p e r a t o r s  c a n  be a c c o m p l i s h e d  by measu . r ing  t h e  pro- 
j e c t i o n s  of t h e  s i g n a l  vectors  on t o  t h e  l i n e a r  o p e r a t o r  s p a c e .  
Fo r  example ,  assume t h a t  t h e  o p e r a t o r  s p a c e  i s  a s  i l l u s t r a t e d  
i n  F i g u r e  2-2. 
O r t h o g o n a l i z e d  P o r t i o n s  
of a 
T r a n s f e r  F u n c t i o n  
F igu . r e  2-2 
where  a a n d  R a r e  t w o  o r t h o g o n a l i z e d  p o r t i o n s  of some t r a n s f e r  
f u . n c t i o n .  A l s o  assume a n y  p a i r  of s i g n a l s  f r o m  any o r t h o g o n a l  
se t  a s  i l l u s t r a t e d  by t h e  d a s h e d  l i n e s  i n  F i g u r e  2-2. Then 
t h e  p r o j e c t i o n s  of a. a n d  B ,  t h e  s i g n a l  vectors ,  on  t o  t h e  op- 
e r a t o r  s p a c e  w i l l ,  when m u l t i p l i e d  by s c a l e  f a c t o r s ,  m e a s u r e  
t h e  m a g n i t u d e  of a. a n d  i3. For  pu . rposes  i n  t h i s  report  a a n d  
8 wou ld  be p r o p o r t i o n a l  t o  a change  i n  some p a r a m e t e r .  
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2.2 ORTHOGONALIZED S IGNALS 
To o b t a i n  o r t h o g o n a l i z e d  s i g n a l s ,  it i s  s u . f f i c i e n t  t o  h a v e  t h e  
t i m e  a v e r a g e  of t h e  i n n e r p r o d u . c t  of t h e  s i g n a l s  zero. 
be t h e  i- s i g n a l ,  t h e n  
L e t  f i ( t )  
t h  
f i ( t )  f . ( t )  d t  = 0 
J 
when i # j, o t h e r w i s e  
r ' +  - f I ( t )  f i ( t )  d t  = 1. 
J -  m 
Now i n  order t o  o b t a i n  o r t h o g o n a l  s i g n a l s ,  e x p o n e n t i a l s  may be 
c o n s i d e r e d .  E x p o n e n t i a l s  h a v e  s e v e r a l  a d v a n t a g e s  over o t h e r  sets 
of o r t h o g o n a l  f u n c t i o n s .  These  i n c l u d e  r e l a t i v e l y  s h o r t  t i m e  
b a s e s ,  a n d  c a p a b i l i t i e s  of being ma tched  t o  t h e  system t o  be 
tested. 
O r t h o g o n a l i z a t i o n  of t h e  e x p o n e n t i a l s  may be a c c o m p l i s h e d  by t h e  
K a u t z  method. ( lo) T h i s  method a l l o w s  t h e  a p p r o x i m a t i o n  of t h e  
i m p u l s e  r e s p o n s e  of a n y  ne twork  by sums of o r t h o g o n a l i z e d  s i g n a l s ,  
T h e s e  s i g n a l s ,  fo r  a t r a n s f e r  f u n c t i o n  w i t h  a l l  r e a l  poles a n d  a 
h i g h e r  order d e m o n i n a t o r  t h a n  n u m e r a t o r ,  become: 
w h e r e  Sn = complex frequency w i t h  a n e g a t i v e  r e a l  p a r t  
of t h e  n- e x p o n e n t i a l  component  t h  
- 
= con  j u . g a t e  of Sn 'n 
2 -3  
. . .  
For example ,  l e t  t h e  t r a n s f e r  f u . n c t i o n  be 
1 
S + K  H ( S )  = 
Then t h e  se t  of o r t h o g o n a l i z e d  e x p o n e n t i a l s  a r e :  
1 
S + K  y s )  = rn 
( s  - K )  
r n 2 ( s )  = 
( S  + K ) 2  
Q 3 ( S )  = (S  - K ) 2  
( S  + K ) 3  
I n  t h e  t i m e  domain t h e  s e t  of s i g n a l s  become: 
f l ( t )  = JZIT exp ( -K t )  
( 2 - 5 )  
f,(t) = m (1 + 2 t )  exp (-K t )  
L . . 
I n  t h e  f o l l o w i n g  text w e  w i l l  be c o n c e r n e d  w i t h  n e g a t i v e  t i m e  
f u n c t i o n s  and  s a m p l i n g  a t  t i m e  z e r o .  When c o n s i d e r i n g  n e g a t i v e  
t i m e ,  t h e  se t  of o r t h o g o n a l i z e d  components  become 
. (-S + K ) '  . 
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And i n  t h e  t i m e  domain 
. 
. 
When t h e  t r a n s f e r  f u . n c t i o n  h a s  complex poles,  t h e n  t h e  o r t h o g -  
( 1 0 )  o n a l i z a t i o n  t a k e s  t h e  f o r m  of 
w h e r e  v = 1, 2 - - - n/2 
a n d  t h e  poles a r e  a t  
sv - - av - j B v  a n d  sv = - av + j H V .  
The u p p e r  ( p l u s )  s i g n  i n  E q u a t i o n  2-9 p e r t a i n s  t o  
a n d  t h e  l o w e r  (minus )  s i g n  p e r t a i n s  t o  (P2v(S).  
@ 2v-1 
N o t e ,  t w o  s i g n a l s  a r e  a s s i g n e d  t o  e a c h  s e c o n d  order 
pole p a i r ,  o n e  for  e a c h  p o l e .  
2 .3  ORTHOGONAL SEPARATION O F  THE SIGNALS 
TO s e p a r a t e  t h e s e  o r t h o g o n a l i z e d  s i g n a l s ,  w e  o n l y  n e e d  t o  accomp- 
l i s h  t h e  i n t e g r a t i o n  
( 2 - 1 0 )  
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T h i s  c a n  be a c c o m p l i s h e d  by p e r f o r m i n g  t h e  c o n t o u r  i n t e g r a t i o n  
i n  t h e  f r e q u e n c y  domain,  i .e.,  P a r s e v a l ' s  Theorem fo r  a p e r i o d i c  
( 2 0 )  f u n c t i o n s .  - ,+ @J * * d S  
f i ( t )  f . ( t )  d t  = J c  Q i ( - S )  Q j ( S )  - 271 j I J 
J -  
(2 -11)  
* 
N o t e  t h a t  Q i ( - S )  i s  a r e a l  f i l t e r  which  h a s  a n  impu. lse  r e s p o n s e  
f . ( t )  i n  pos i t ive  t i m e .  The i n t e g r a t i o n  i n  t h e  complex p l a n e  
i s  e q u i v a l e n t  t o  s a m p l i n g  t h e  r e s u l t s  a t  t i m e  t = 0. 
1 
2 .4  ORTHOGONALIZED TRANSFER FUNCTION 
C o n s i d e r  a system H ( S )  a s  a f u n c t i o n  of i t s  p a r a m e t e r  v a r i a t i o n s  
a r o u n d  s o m e  specified n o m i n a l  d e s i g n  v a l u e .  Then a T a y l o r ' s  
series e x p a n s i o n  c a n  be w r i t t e n  a s :  
(2 -12)  w h e r e  H o ( S )  = t h e  spec i f ied  nomina l  system and 
= H i ( S )  = f i r s t  p a r t i a l  d e r i v a t i v e  of t h e  system drr. 
t h  w i t h  r e s p e c t  t o  t h e  i- p a r a m e t e r .  
Thus ,  f o r  s m a l l  d e v i a t i o n s  i n  the  p a r a m e t e r  v a l u . e s ,  t h e  a c t u a l  
system c a n  be b r o k e n  i n t o  the sum of t h e  p a r t i a l  systems, H i ( S ) .  - 
NOW, l e t  t h e  t r a n s f e r  f u n c t i o n  be r e p r e s e n t e d  by p o l y n o m i a l s  a s :  
N 
\ c sn n 
i d  
( 2  -13 ) 
u 
n = O  
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H ( S )  c a n  be expanded  i n  t e r m s  of t h e  T a y l o r  series e x p a n s i o n  
fo r  s m a l l  v a r i a t i o n s  i n  c a n d  dn a s  
n n 
n 
(2 -14)  A dn 
- Acn + ' O H  a H ( S )  H ( S )  = H o ( S )  + L .i d d n  
n = O  a 'n n = O  
Any g i v e n  i s  o r t h o g o n a l  t o  a n y  o t h e r  p a r t i a l  d e r i v a t i v e  ac ,  
i s  o r t h o g o n a l  t o  a n y  o t h e r  ? c .  . L i k e w i s e ,  a n y  g i v e n  a di 
3 a H ( S )  p a r t i a l  d e r i v a t i v e  a d  . 
J 
T h i s  property a l l o w s  i n d e p e n d e n t  measurement  of t h e  r e l a t i v e  
m a g n i t u d e  of a l l  t h e  c i t s  or  d i t s  when o n l y  t h e  c i t s  or d i t s  
a r e  measured .  If t h e  p a r t i a l  systems of t h e  C I S  a n d  d l s  a r e  
a l s o  i n d e p e n d e n t ,  t h e n  s e p a r a t i o n  b e t w e e n  t h e  C I S  a n d  d ' s  c a n  
be accompl i shed .  
2 . 5 PARAMETER EFFECTS UPON THE MEASURED SIGNALS 
Each of t h e  t e s t i n g  s i g n a l s  when p a s s e d  t h r o u g h  t h e  system w i l l  
be f i l t e r e d  by e a c h  p a r t i a l  system. 
t i a l  
f i l t e rs .  The process is i l l u s t r a t e d  i n  F i g u r e  2-3. 
The o u t p u t s  of t h e s e  p a r -  
systems a r e  combined  and  t h e n  p a s s e d  t h r o u g h  t h e  o u t p u t  
The m a t h e m a t i c a l  d e s c r i p t i o n  o f  p a s s i n g  t h e  i n p u . t s  th rou .gh  t h e  
I n a r t i c u l a r  - ' - - system, f i l t e r  a n d  e s t i m a t o r  w i l l  now be g i v e n  i n  
t h  
d e t a i l .  T h i s  a n a l y s i s  w i l l  be g e n e r a l  a n d  apply  t o  n- order 
t r a n s f e r  f u . n c t i o n s .  
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, /  1 I I 
E s t i m a t o r  M-' 
'n 
1 
Sample a n d  H o l d  
I,' 
aO "1 a2 ai  a n  
Figure 2-3 
. T e s t i n g  S i g n a l  Being  P r o c e s s e d  
The s i g n a l s  a p p e a r i n g  a t  t h e  o u t p u t  of 
system a r e  
H i e )  [F1 
w h e r e  [ F ]  i s  a r o w  m a t r i x  of t h e  i n p u t  
o u t p u t  a t  t h e  jG f i l t e r  i n  t h e  f i l t e r  
@ * ( - S )  H i ( S )  [ F l ,  
J 
j' 
which  i s  a row m a t r i x  d e n o t e d  H 
t h e  H .  ( S )  component 
1 
(2-15) 
p r o b i n g  s i g n a l s .  The 
bank  i s  
(2 -16 )  
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The c o l l e c t i o n  of t h e s e  r o w  m a t r i c e s  d e n o t e s  a m o d u l a t i o n  m a t r i x ,  
Ha a 
f i l t e r s  u n d e r  t h e  i n f l u e n c e  of t h e  inpu . t  p r o b i n g  s i g n a l s .  The 
object w i l l  be to s a m p l e  o u t p u t s  of t h e s e  f i l t e r s  a t  a p a r t i c u l a r  
t i m e .  T h e s e  s a m p l e s  w i l l  r e p r e s e n t  t h e  v a r i a t i o n  i n  t h e  p a r -  
. H describes t h e  effects  of H i ( S )  o n  t h e  o u . t p u t s  of t h e  
a m e t e r s  tested. 
t h  The 0u.tpu.t  of j- f i l t e r  c a n  be obtained a t  a n y  
by p e r f o r m i n g  t h e  f o l l o w i n g  i n t e g r a t i o n  i n  t h e  
p a r t i c u l a r  t i m e  
complex p l a n e :  
( 2 - 1 7 )  35 dS h ( 7 )  = 1, exp ( S T )  @ . ( -S)  Hi(S) @,(s) 
j k  rl c J 
w h e r e  T i s  a d e l a y  v a r i a b l e .  
T h i s  e q u a t i o n  i s  t h e  t r a n s f o r m  of  t h e  c o n v o l u . t i o n  i n t e g r a l ,  i.e., 
h j i ( d  = J -  f +  h j ( t )  f i (T - t )  d t  ( 2 - 1 8 )  
* 
w h e r e  h . ( t )  i s  t h e  w e i g h t i n g  f u . n c t i o n  of t h e  f i l t e r  H i ( S )  (9 . ( - S )  
a n d  f .  ( t )  is  t h e  i- i n p u t  s i g n a l .  
L e t t i n g  7 = 0; t h e  e q u . a t i o n  g i v e s  t h e  va1u.e of a sample  of t h e  
o u . t p u t  s i g n a l  a t  T = 0. Thus w e  o b t a i n ,  
3 3 
t h  
1 
* dS + a  
h j k  = s -  co h . ( t )  f i ( t )  d t  = r c  (9 j(-S) H i ( S )  @,(S) ~ T T J  . 3 
(2-19) 
T h e s e  v a l u . e s  of h r e p r e s e n t  t h e  r e s u . l t s  of t h e  inpu . t  s i g n a l  
jk  
a c t i n g  on t h e  t r a n s f e r  f u n c t i o n  H i ( S )  a n d  t h e  m e a s u r i n g  
* 
Forming t h e  H m a t r i x  w i t h  
U f i l t e r  @ . ( - S )  a t  t h e  t i m e  7 = 0. 3 
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I . . I  
I 
* t h e s e  v a l u . e s  of h a s  t h e  e l e m e n t s ,  w e  h a v e :  
I jk 
I 
k -  
i H =  a 
- - -  
h2 1 h22 . 
hmn 
(2-20)  
where  e a c h  r o w  r e p r e s e n t s  t h e  0u tpu . t  of a f i l t e r  a n d  e a c h  
column r e p r e s e n t s  a n  i n p u t  s i g n a l .  
(2-21)  
which  r e p r e s e n t s  t h e  m a g n i t u d e  of t h e  p r o b i n g  s i g n a l  components .  
An a d d i t i o n a l  r e q u i r e m e n t  f r o m  p r a c t i c a l  c o n s i d e r a t i o n s  i s  t h a t  
e n e r g y  be c o n s t a n t ,  
N 
c2 = 1. 
L n (2-22)  
n = l  
M u l t i p l y i n g  t h e  H m a t r i x  by t h i s  column m a t r i x  [ C l  w i l l  give a 
a colu.mn m a t r i x  
= r H  - iI r ci Ma - U i L  J (2 -23)  
which  i s  t h e  r e p r e s e n t a t i v e  of t h e  s i g n a l  a p p e a r i n g  a t  t h e  
0u. tpu. t  of e a c h  f i l t e r  du.e t o  t h e  p a r t i a l  system H i ( S ) .  
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The c o l l e c t i o n  of t h e s e  colu.mns may be a r r a n g e d  t o  f o r m  a 
m a t r i x ,  M, c a l l e d  t h e  modu. la t ion  m a t r i x .  
r 
B y  a r r a n g i n g  t h e  p a r a m e t e r  d e v i a t i o n s  a s  a column a r r a y  
rA’ = 11 
a n  
t h e  t o t a l  system r e s p o n s e ,  G ,  c an  be r e p r e s e n t e d  a s  
( 2 - 2 4 )  
(2 -25)  
(2 -26)  - 
The v a l u . e s  of a. th rou .gh  a n  can  be d e t e r m i n e d  by s o l v i n g  t h i s  
m a t r i x  e q u . a t i o n ,  i.e. , 
-1 
(2-27)  
i s  composed of t h e  inpu . t  s i g n a l  m a g n i t u d e  [ C ] ,  t h e s e  ( M - l l  S i n c e  
i J 
m a g n i t u d e s  c a n  be a d j u s t e d  t o  maximize t h e  e s t i m a t e  of t h e  p a r -  
a m e t e r  where  t h e y  a r e  s u b j e c t e d  t o  n o i s e .  
The m i n i m i z a t i o n  of w h i t e  n o i s e  c a n  be a c c o m p l i s h e d  from l e a s t -  
s q u . a r e  s t a t i s t i c a l  t h e o r y .  The c r i t e r i o n  selected fo r  op t i -  
m i z a t i o n  i s  t h e  m i n i m i z a t i o n  of t h e  c o v a r i a n c e  of t h e  error i n  
e s t i m a t o r  (i M)-I. 
T h i s  c a n  be min imized  by maximiz ing  t h e  d e t e r m i n a t e  
(2 -28)  
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2.6 SINGLE PARAMETER TESTING THEORY APPLIED TO A FIRST 
ORDER TRANSFER FUNCTION 
The g e n e r a l  f i r s t  order t r a n s f e r  f u n c t i o n  is  
c1 s + co 
H ( S )  = dl S + do 
B y  d i f f e r e n t a t i o n  of t h i s  f u . n c t i o n  w i t h  respect to  t h e  co- 
e f f i c i e n t s ,  w e  o b t a i n  
(2-29)  
- 1 do’dl - - -  S 
( S I  = dlS + do dl dlS + do 
a H ( S )  = H 
a c1 
aH0 = (s)  
dl Hdl 
Two t e s t i n g  e x p o n e n t i a l s  
T h e s e  a r e  
ml(S) = A ,  i‘ l 2  do/dl 
- 
m2(S) = d2 do/dl 
1 
dlS + do 
-s (CIS + co) 
2 
(dls + do) 
1 0 
c s + c  
(d1s + dol2 
(2 -30)  
(2 -31)  
(2 -32)  
(2-33)  
w e r e  d e t e r m i n e d  by t h e  Kau.tz r e l a t i o n .  
1 
-S + d 
0/dl 
(2 -34)  
w h e r e  P(s) i s  t h e  r e p r e s e n t a t i o n  of t h i s  n e g a t i v e  t i m e  
f u n c t i o n  i n  t h e  f r e q u e n c y  domain. 
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I n  t h e  t i m e  domain 
- 
0 
HC 
(2-35)  
t 
0 
-. 
The m a t r i x  r e p r e s e n t a t i o n  of t h e  s i g n a l s  a p p e a r i n g  a t  t h e  f i l t e r  
o u t p u t s  of t h e  p a r t i a l  systems a r e :  
1 - -  
2dl 
1 1 
2d  I 2dl 
- - -  
0 
1 + -  
2d0 
c d + co dl 1 0  
? I 
4 d l L  do 
0 
c1 
2d1 
-- 
2 
(2 -36)  
(2 -37)  
1 
2 * dl do 
c1 do + c1 I 
C 
0 
I 2 
do + co 
2 
do dl 2d0 
d 0 c1 do + =o 1 
4 do2 dl 
(2 -38)  
(2 -39)  
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* ‘ t  
Forming t h e  m a t r i x  M a n d  maximiz ing  i t s  d e t e r m i n a n t  l e a d s  t o  
t h e  r e s u l t  t h a t  o n l y  t h e  s e c o n d  s i g n a l  f 2 ( t )  i s  r e q u i r e d .  
c = O = c o s $  1 
= rr/2 
c2  = 1 = s i n  
The e s t ima to r s  f o r  t h e  p a r a m e t e r s  cn a n d  dn a r e  
1 
.- 
1 
1 c1 do d; dl + co dl I 
-4do 
6 
c d + co dl I c2 do 
2 
3 *=0 
2 - 
C 
0 -
2 
2cl 
dl 
-
2 
(2-40 ) 
Adl 
(2 -41)  
(2 -42)  
N o r m a l i z i n g  t h e  e s t i m a t o r  is  a c c o m p l i s h e d  by d i v i d i n g  e a c h  r o w  
by t h e  p a r a m e t e r  which  t h a t  r o w  e s t i m a t e s .  
-1 
Md 
1 
- 2do dl r c1 dl - co dl 2 Adl/d, 
2 d d  + 4cl 1 
2 2 2  
c1 do - co dl 
(2-43)  
Ado/do 
L 
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t . -. 
I 
2 dl - -  
2 
- -  2 dl 
d 4 0  + -  - 2 do - -  -
co co - 
l /c,  h C  
I 
( 2 - 4 4 )  
OC o/co 
Thu.s, u s i n g  t h i s  r e s u l t  f o r  e s t i m a t i o n  a n d  f ( t )  a s  a p r o b i n g  
s i g n a l ,  a n y  f i rs t  order t r a n s f e r  f u n c t i o n  c a n  be m e a s u r e d  t o  
o b t a i n  - 
2 
- 0 5 5 w i t h  one  p r o b i n g  s i g n a l .  Ad O d l  
dl ' do 1 0 ' c ' c  
2.7 SINGLE PARAMETER TESTING THEORY APPLIED TO SECOND 
ORDER TRANSFER FUNCTIONS 
The  g e n e r a l  s e c o n d  order t r a n s f e r  f u . n c t i o n  i s  
c s + c  
S2 + dlS + do 
1 0 H ( S )  = 
T h i s  t r a n s f e r  f u n c t i o n  c a n  a l s o  be w r i t t e n  a s  
c s + c o  
( s  + n I 2  + B 
1 
2 H ( S )  = 
( 2 - 4 5 )  
( 2 - 4 6 )  
The  p a r t i a l  d e r i v a t i v e s  of H ( S )  w i t h  respect t o  t h e  p a r a m e t e r s  
c a n d  c a r e  t h e  componen t  p a r t i a l  sys tems  c o r r e s p o n d i n g  t o  1 0 
c a n d  cl: 
0 
( 2 - 4 7 )  
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The p a r t i a l  d e r i v a t i v e s  of H ( S ) ,  g i v i n g  t h e  component  p a r t i a l  
systems c o r r e s p o n d i n g  t o  dfi a n d  d , ,  a r e  
a H  - - -  
a do 
The p r o b i n g  
(2-48) 
s i g n a l s  a r e  t h e n  fou.nd from t h e  g e n e r a l  e q u . a t i o n  2-9 
( - s  + a f  + B L  
-s - ./a2 + B 2 
2 = m  (-s + a ) 2  + 8 
[ -s +)a2 + 132) [ ( - s  -a ) 2 + 9 2 , 
-3 2 = J =  r ( -s  L + J +  r3 , 
I-s -,/a2 + P 2 ' ,  , p s  -a) 2 + 8 2 :  j
2 r- L ( - s  +d2+ 13 j
The m a t r i x  components  f o r  t h e  p a r t i a l  systems a r e  
1 r *  
j k  2 n j  J c  J h = - '  Q . ( - S )  H i ( S )  G,(S) dS 
(2-49) 
( 2 - 5 0 )  
2-16 
. . .  
- 
0 1 4a 
0 
1 
-. - 0 1 4a - 
1 
4a 
0 
- -  
Hc 1 = Io 0 '0 - 4a 
1 - 
4 q  0 0 0 
* The m a t r i x  e l e m e n t s  f o r  t h e  p a r t i a l  system a H  - a r e  fou.nd a s  follows: 
m,(s) dS 
2 r r j  J c  
( 2 - 5 1 )  
T h i s  i n t e g r a l  i s  e v a l u . a t e d  by i n t e g r a t i n g  arou.nd t h e  l e f t  h a l f -  
p l a n e ,  f i n d i n g  t h e  r e s i d u e s  a t  t h e  l e f t  h a l f - p l a n e  poles. The 
r e s i d u e  a t  t h e  s e c o n d  order pole a t  (-a - j S )  i s  
( 2 - 5 2  ) 1 
16a 
- 2 
2' ( s  + a - j n 1 2  [ ( s  - a >  2 + S ,  
d S ( S 2 - a 2 - R )  - - -  R~ = l i m  
s - (-a - j q )  dS 2 - 
The r e s i d u e  R2 a t  ( -  a + j B )  i s  t h e  complex  c o n j u . g a t e  of R1: 
1 
1 6a 
- R2 - - -  2 
The sum of t h e  r e s i d u e s  i s  - - a n d  so 
€!a2 ' 
(2 -53)  
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. . .  
1 
4(a2 + B 2 )  
0 
a+ y d 2  + r? 2 -I 
&,(a2 + R 2 )  4(a2 + c 2 )  
1 
4(a2 + B 2 )  
0 1 
2 4(a2 + R ) 
0 0 
O f  t h e  f 0 u . r  p r o b i n g  s i g n a l s  b e i n g  c o n s i d e r e d  o n l y  
f 0 u . r  s i g n a l s  n e e d  be u.sed. 
expressed a s  a l i n e a r  c o m b i n a t i o n  of t w o  p a r t s  
For e x a m p l e  ml(S) a n d  
r 
r 
m2(s) = L Q X ( S )  - GY(S)J  
w h e r e  
-S 
Qx(S) = 2 (-s + a I 2  + B 
a- ylc12 + n 2 
4u(a2 + n 2 )  
1 - 4(n2 + B 2 )  
1 
4(z2  + 0 2 )  
(2 -54 )  
t w o  of t h e  
G 2 ( S )  c a n  be 
(2 -55)  
( 2 - 5 6 )  
./a2 + q 2 
( - s  + a I 2  + 9 2 
m ( s )  = Y 
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T e s t i n g  w i t h  e i t h e r  a l ( S )  or @ 2 ( S )  w i l l  h a v e  t h e  same i n f o r -  
m a t i o n  s i n c e  t h e  r e s u l t s  w i l l  be l i n e a r  c o m b i n a t i o n s  of t h e  
p a r t s .  T h i s  effect  c a n  be seen i n  t h e  m a t r i x  e l e m e n t s  for 
E a n d  - dH , n o t i c e  t h e  h i j  e l e m e n t s  for i = j a r e  a l l  e q u a l .  
1 0 a C  
T h i s  i s  t h e  r e s u . l t  o f  t h e  Gx(S) component.  
a c  
The e l e m e n t s  h i j  
f o r  i = j + 1 h a v e  terms which  a l t e r n a t e  i n  s i g n .  T h i s  i s  - 
t h e  r e s u l t  of t h e  a l t e r n a t i n g  s i g n  of @ ( S )  i n  ml(S) a n d  @,(S). 
Y 
W e  t h e r e f o r e  c a n  r e d u c e  t h e  c o n s i d e r a t i o n  of s i g n a l s  t o  $,(S) 
a n d  @ ( S )  a n d  be c o n f i d e n t  t h a t  a l l  of t h e  r e s u l t i n g  i n f o r m a -  
t i o n  c o n c e r n i n g  t h e  t w o  p a r a m e t e r s  c 
4 
and Co c a n  be e x t r a c t e d .  1 
S i n c e  t h e r e  a r e  now o n l y  t w o  p r o b i n g  s i g n a l s ,  t h e  c o e f f i c i e n t s  
of @ ( s )  a n d  Q ( s )  a r e  c h o s e n  t o  be cos 4 a n d  s i n  4 a s  i n  t h e  
f i r s t  order example.  The c a l c u l a t i o n  of t h e  p a r a m e t e r  modu- 
l a t i o n  m a t r i x  M i s  a s  f o l l o w s :  
1 4 
- 1  
Mc - ,Mc,  Mc 0- 
“1 
- 
Mc - 
0 
1 
2 ,  4(a2 + 8 ) 
0 
( 2 - 5 7 )  
( 2 - 5 8 )  
1 
4(a2 + a 2 )  
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- 
Mc - 
0 
Then 
- 
Mc - 
I 1 - I- 
acos 4 + s i n  4 n,- Ja2 + a 2 1  
&(a2 + B 2 )  
s i n  4 
4(a2 + a 2 )  
r , 
s i n  4 
4 a t  
s i n  4 
4(a2  + P 2 )  
(2-5933) 
( 2 - 6 0 )  
0 The maximum v a l u e  of t h e  d e t e r m i n a n t  I i c M c l  occurs when 4 = 90 . 
S u b s t i t u t i o n  of 4 = 90° i n  t h e  e x p r e s s i o n  f o r  Mc t h e n  y i e lds  
M =  
C 
(2-61 
1 
4(a2 + R 2 )  
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The m a t r i x  components  f o r  t h e  d e n o m i n a t o r  p a r t i a l  systems a r e  
fou.nd i n  t h e  same way, bu.t  t h e  work i n v o l v e d  i s  mu.ch g r e a t e r  
b e c a u s e  of t h e  complexity of t h e  i n t e g r a n d s .  A s  a n  example ,  
t h e  m a t r i x  component ( h l l ) d l i s  found  from 
(2-62)  
E v a l u a t i o n  of t h e s e  types of i n t e g r a l s  i s  extremely t e d i o u s  a n d  
n e c e s s i t a t e s  a l o n g  p r o c e d u x e  o f  s o l u t i o n  a n d  r e c h e c k  cycles. 
The f i n a l  m a t r i x  r e s u l t  i s  
(2 -63)  
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a n d  
r a2 - R 2  - 1  ' CIU + c 2 1  ) a2 + R 0 (2 -64)  
L L -1 r a - 0  : cla + c 
4a2(a2 + E l 2 )  L 0 a2 + p 2  
The c o e f f i c i e n t s  of ml(S) a n d  H4(S) a r e  c h o s e n  t o  be cos 4 a n d  
s i n  JI f r o m  c o n s t a n t  e n e r g y  c o n s i d e r a t i o n s  a n d  t h e  p a r a m e t e r  
modu . l a t ion  m a t r i x  i s  formed a s  M = LMdl M '  doi d 
where 
a n d  
- r  - 1  !- cos $ -1 
Mdo - . Hdo; i s i n  $ A  
0 The  maximu.m v a l u e  of lEdM,! occu.rs  when 4 = 90 . 
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2,,8 ACTIVE NETWORKS 
* 1  
The technique normally applied t o  analyzing an a c t i v e  network 
c o n s i s t s  of picking a region of operation and an appropr ia te  
model t h a t  descr ibes  t h e  operasion over a s p e c i f i c  dynamic 
range. The model then depends on t h e  physical  processes and 
t h e  u l t imate  answers t h a t  a r e  desired from t h e  model, Since 
an accura te  funct ional  moael can a b s t r a c t  t h e  i n t e r n a l  operation 
of t h e  physical process only over a dynamic range, l i m i t s  must 
be spec i f i ed  f o r  t he  v a l i d i t y  of t h e  parameters i n  t h e  function- 
a l  model. 
Now t h e  concept of a small signal model can be c l e a r l y  s t a t ed ,  
The dynamic range is  a small s igna l  spec i f ied  i n  t e r m s  of i n -  
put-terminal s igna l  condition, and t h e  model parameters a r e  
t h e  network parameters. This i n  tu rn  allows the discussion of 
a l i n e a r  a c t i v e  network model without describing the  complex 
physical  process. Thus, it allows t h e  non- l inear i t ies  i n  t h e  
physical  process t o  be considered outs ide of the dynamic range 
and d e t a i l e d  questions regarding these non- l inear i t ies  must be 
referred t o  another model. 
Within t h i s  framework of a l imi t ed  dynamic range f o r  a p a r t i c -  
u l a r  model, a i l  of t'ne concepts cf l i zear  system analys is  can 
be applied.  That is, l i n e a r  d i f f e r e n t i a l  equations and corre- 
sponding Laplace and Fourier transforms can be used t o  evaluate 
t he  s ta te  of the model, A t  t h i s  po in t ,  questions regarding the 
exis tence of a transform, s t a b i l i t y  proper t ies ,  system bandwidth, 
2-23 
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I n  order  t o  l i m i t  t h e  scope of ehe general  system problem 
a s p e c i f i c  incerpre ta t ion  nusz be considered. 
T h e  i n t e rp re t z t ion  of ar, Active System used i n  t h i s  study i s  
i r ,  reference t o  a device tha t  e x h i b i t s  a u n i l a t e r a l  t r a n s f e r  
cha rac t e r i s t i c .  A simple amplifier i s  t h e  most common example 
exhibi t ing t h i s  u n i l a t e r a l  cha rac t e r i s t i c .  Consequently, an 
ampl i f ie r  c i r c u i t  w i l l  be evaluated i n  terms of the  proposed 
method of s ing le  parameter tes t i r ,g .  
A nunber of arnplifier c i r c u i t s  w e r e  considered. ( 2 2 )  One ampli- 
f i e r  c i r c u i t  t o  be investigated i s  shown schematically i n  Fig- 
u r e  2-4 along with t h e  appropriate equivalent c i r c u i t  o r  small 
s igna l  model . 
The trzinsfer function r e l a t ing  input t o  output i s  derived i n  
Reference 2 2 .  
e i n  I 
(Rg + Ri) 1(1 + rp/RL + r P / R o )  S + RL + r p i  
RORL 
o r  i n  standard form 
K S  e - 0 -   
e i n  dlS + do 
r = Tube dynamic p l a t e  r e s i s t ance  
P 
1-I = Tube amplification r a t i o  
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FIGURE 2-4 
T R  IODE RMPL I F  IER AND EQU IVALEiW C IRCU IT 
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Ri i-~ 
K =  
d = (RL + r ) / e  ZORL 
0 P 
Clearly t h i s  arnplifier f a i l s  in to  t h e  general  category inves t i -  
gated under t h e  Ciefinitior. of f i r s t  order  t r a n s f e r  functions.  
The f a c t  t h a t  "r 
t h e  t e s t i n g  required t o  in te r roga te  the p l a t e  res i s tance .  How- 
ever,  t I $ a l  t he  tube amplific&tion r a t i o  is  a l i n e a r  function i n  
t h e  gain and c l e a r l y  f i t s  i n t o  t h e  parameters already measured. 
Another note worthy f a c t  i n  t h i s  t r a n s f e r  function i s  equal 
order  of llsll i n  both numerator and denoabnaror. 
i s  iriel-ded i n  both " d - "  and "dO18 complicates F 1 
A major assumption i n  t he  ar22lifier t r a n s f e r  function concerns 
t h e  v a l i d i t y  of t he  model fsr J-L L~,S -cabe opsration. Consequently, 
t e s t i n g  s igna l s  must be used chat s a t i s f y  t h e  aynamic range of 
the  model i n  order  t o  l e g i t i n z t e l y  t e s t  t he  p a r t i c u l a r  t r a n s f e r  
function. L e t ' s  proceed by ob-caining a t r a n s f e r  c h a r a c t e r i s t i c  
f o r  a pentode amplif ier  a s  siioin ir; Z i y d r e  2=5. The appro7riate  
small s igna l  equivalent c i r c u i t  i n  Figure 2-5 i s  somewhar, non- 
conventional, but f o r  coinparison it i s  des i rab le  t o  obtain a 
r e l a t i o n  s imi la r  t o  a t r i o d e  w i t h  tube m p l i f i c a t i o n  and p l a t e  
r e s i s t a n c e  as paraneters.  
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‘ . .  
sc 
B+ 
‘ R  
‘ g  
5 
I Ri i 
f C 
I 
1 
I 
I 
i i I 
- - 
FIGURE 2-5 
PENTODE AMPLIFIER AND EQUIVALENT CIRCUIT 
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The cr;nsfer f L n c t i o n  f o r  the pentcc?e ampl i f ie r  i s  derived i n  
R e f e r e n c e  22 .  
e i n  (ds S2 + d, S + 1)  (d3 S3 i d S 2 + dl s + d o )  2 -_ 
where 
dl 
d2 
d3 
d4 
1 +  
r + Rk 
+ rp c3 
RO 
Rk ‘k 
Rk ‘k rp ‘3 
Rg ‘1 + Ri 
-I- Rk + p + 
(- c3 + 
‘k 
R, 
-k 
Ri ‘2 
L 
1 + b  
RO 
+ 5) 
RL 
( 2 - 6 6 )  
r 
+ j f )  
It i s  i n t e r e s t i c g  t o  see tha t  p l a t e  r e s i s t ance  is contained i n  
every coe f f i c i en t  of t h e  cubic. However, tube transconductance 
(Gm = p / r  ) i s  normaily given f o r  a pentode and the  p o s s i b i l i t y  
exists of Z X Z Z t i R L Z g  the act ive tube paraneter a s  a gain co- 
P 
. .  
e f f i c i e n t  i n  t h i s  t r a n s f e r  function, A l s o  note t h a t  the  order 
of t he  denominator i s  high, and it might be d i f f i c u l t  t o  xezzure 
each of the c i r c u i t  parameters because of t h e  laborious calcu- 
l a t i n g  required.  One o the r  f ac to r  involved i n  t h i s  model i s  
s igna l  dynamics, which again j u s t  remain within the  bounds of 
t h e  model. 
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- - Next, l e t ' s  e x m i n e  a t r a n s i s t o r  ampl i f ie r  i n  a similar f a s h i o n  
t o  the  t u b s  c i r c u i t s  i n  or&r t o  al low some c o m p a r i s o n  of a c t i v e  
parameter measurement  r e q u i r e n e n t s  f o r  t r a n s i s t o r s .  A simple 
audio  ampl i f ie r  c i r c u i t  w i t h  t h e  e q u i v a l e n t ' c i r c u i t  i s  shown 
i n  F i g u r e  2-6. T h e  by-pass a r o u n d  t h e  emitter b i a s  resistor 
i s  assumed perfect  i n  order t o  s i m p l i f y  t h a t  a l g e b r a .  
The t r a n s f e r  
i n  R e f e r e n c e  
e 
e 
0 -  
i n  
- -  
where 
K 
2 a 
f u n c t i o n  f o r  t h i s  t r a n s i s t o r  amplif ier  i s  derived 
22. 
K S2 - 
RL iio a. 
r e 
+ ( R E B  + Ri 1 - a o  
) R g + (  ) R g + l  
- 'e 
R~~ 'i e 
'e Rg 
( 2 - 6 7 )  
The act ive device parameters appear i n  t h e  g a i n  a n d  t w o  co- 
e f f i c i e n t s  of t h e  quadrat ic  d e n o m i n a t o r  term. C o n s e q u e n t l y ,  
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FIGURE 2-6 
TRANSISTOR AUDIO A M P L I F I E R  AND EQUIVALENT C I R C U I T  
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s i m i l a r  measurements t o  those required f o r  t h e  pentode ampl i f i e r  
can be appl ied t o  t h i s  t r a n s i s t o r  ampl i f ie r .  In  s p i t e  of t h e  
c i r c u i t  loading due t o  t h e  t r a n s i s t o r ,  t h e  t r a n s f e r  character-  
i s t i c  comes out  r a t h e r  s i n p l e  i n  terms of t h e  a c t i v e  parameters. 
. ~ .  
?he governing assumption f o r  t h e  development of a l l  t h r e e  t r ans -  
fe r  functions is  c e r t a i n l y  the  m o d e l  v a l i d i t y  and the  a b i l i t y  
t o  keep s igna ls  within model r e s t r i c t i o n s .  A common property 
c l e a r l y  contained i n  a l l  three c h a r a c t e r i s t i c s  i s  the  a c t i v e  
parameter i n  t h e  gain coef f ic ien t .  I n  t he  pentode amplif ier  
and t h e  t r a n s i s t o r  audio amplifier t h e  t h i r d  order  denominator 
t e r m  and the  second order  term can be compared i f  the  cubic was 
fac tored  i n t o  a quadra t ic  and f i r s t  order  term. Then both would 
exh ib i t  second order  denominator terms w i t h  the ac t ive  e l emen t  
c l e a r l y  contained i n  coef f ic ien ts .  
The r e l a t i v e  importance of coef f ic ien ts  i n  t h e  denominator of 
a second order t r a n s f e r  function a r e  equivalent t o  the importance 
of parameters i n  an ac t ive  device. Consequently, a thorough 
evaluation i n  any experimental sense of va r i a t ions  i n  denomi- 
na tor  coe f f i c i en t s  of a second order  system, i s  required. 
Normally, t h e  t r a n s i s t i o n  from one node1 of a n  ac t ive  network 
t o  another model i s  based o n  proper t ies  of t h e  ac t ive  parameters. 
For  example, a tube equivalent c i r c u i t  is modified when either 
dynamic p l a t e  r e s i s t ance  o r  tube gain vary appreciably over the 
dynamic range of interest .  In t h e  mathematical model some of 
t h e  parameter va r i a t ions  can be included with a non-linear o r  
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n o n - c o n s t a n t  f u n c t i o n  r e p r e s e n t i n g  t h e  p a r a m e t e r .  I n  a s t r i c t  
m a t h e m a t i c a l  s e n s e ,  t h i s  n o n - l i n e a r  effect  i s  d i f f i c u l t  i s  i n -  
c l u d e  but e x p e r i m e n t a l  o b s e r v a t i o n s  c a n  be made on  t h e  a n a l o g  
c o m p u t e r  s i m u l a t i o n .  If t h e  b a s i c  r e l a t i o n s  o b t a i n e d  for  a con-  
s t a n t  p a r a m e t e r  s e c o n d  order system a r e  u s e d  i n  c o n j u n c t i o n  w i t h  
a s a t u r a t i o n  effect  type n o n - l i n e a r i t y ,  some s m a l l  r a n g e  f o r  t h e  
model c a n  be e s t a b l i s h e d .  
2.8.1 I n i t i a l  C o n d i t i o n  i n  a System 
I n i t i a l  c o n d i t i o n s  a n d  c o n s t a n t  s o u r c e  v a l u e s ,  s u c h  a s  a D-C 
b i a s ,  b o t h  e n t e r  a t r a n s f e r  f u . n c t i o n  i n  a very s i m i l a r  way a s  
many text  books prove. The q u e s t i o n  h e r e  i s  o n e  of measu re -  
a b i l i t y  of t h i s  sou.rce va1u.e and  where  it a p p e a r s  i n  t h e  t r a n s f e r  
c h a r a c t e r i s t i c .  To observe t h e s e  p r o p e r t i e s ,  c o n s i d e r  t h e  def i -  
n i t i o n  of a L a p l a c e  t r a n s f o r m .  
W 
r f ( t )  exp ( - s t )  d t  
J 
0 
H ( S )  = 
w h e r e  s , = L a p l a c e  t r a n s f o r m  o p e r a t o r  
( 2 - 6 7 )  
f ( t )  = T i m e  f u . n c t i o n  of t h e  sou . r ce  
N o r m a l l y  a n  i n i t i a l  v a l u e  theo rem i s  s t a t e d  so t h a t  t h e  i n i t i a l  
v a l u e  d e p e n d s  upon a l i m i t i n g  process \:here " S "  a p p r o a c h e s  i n -  
f i n i t y .  Then t h i s  t r a n s f e r  f u n c t i o n  c a n  o n l y  t a k e  on  non-van- 
i s h i n g  v a l u e s  if t h e  e x p o n e n t i a l  t e r m  does n o t  v a n i s h .  T h i s  c a n  
o c c u r  o n l y  for  very s m a l l  v a l u e s  of it, a n d  t h e  r e s u l t  i n  t h e  
l i m i t  i s  t h e  i n i t i a l  c o n d i t i o n .  
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- Consider a t yp ica l  source i n  the general  form 
f ( t )  = M tn 
where 
n = 0 ,  1, 2 ,  .... a 
M = Scale f a c t o r  
c l e a r l y  
H ( S )  = PI n! 
s n + l  
If f ( t )  i s  merely a b i a s  contained i n  a voltage equation, 
n = 0 and 
M Lim H ( S )  = Lim = 0 
Since S contains a real a n d  imaginary p a r t  ( S  = a  + j w )  
t h i s  c l e a r l y  shows t h a t  t h e  r e a l  p a r t  of S i s  required 
t o  go t o  i n f i n i t y  a s  wel l  as the  imaginary pa r t .  This i s  
required because t h e  in t eg ra l  of an exponential along 
only a v e r t i c a l  l i n e  would become an undefined quant i ty  
(except i n  a spec ia l  impulse sense) .  
This would not be c l e a r  i f  t h e  theorem i s  w r i t t e n  a s  follows: 
3 = f ( " ) ( O )  n + l  Lim S F(S) - n d t. 
From t h i s  discussion it i s  apparent t h a t  i n i t i a l  condi- 
t i o n s  appear normally a s  poles a t  the or ig in .  
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. . ?:he Rext concern i s  t h e  neasureabi l i ty  of t 5ese  poles.  
S L R C S  t k e  growirig exponential  technique i s  based on a 
t ra r i s ien t  responce. The non-transient,  D-C o r  steady 
values can not be measured by applying th i s .  technique. 
However, t h e  opposite question concerning t h e  use of 
growing exponentials i n  t e s t ing  a system with a pole 
a t  zero does a r i s e .  The normal approach i n  t e s t i n g  a 
system with a D-C value i s  too block t h e  D-C o u t  of t h e  
measuring c i r c u i t .  This can be accomplished i n  an elec-  
t r i c a l  network with a capacitor i n  s e r i e s  with the  out- 
put t o  t h e  measuring equipment. 
c h a r a c t e r i s t i c  f o r  t h i s  blocking ac t ion  is 
A t yp ica l  t ransfer  
C Ro S - S - 
C Ro S+ l  s +  1 HB(S) = 
Obviously the  pole  a t  t h e  o r i g i n  i s  rernoved and replaced 
with a pole a t  
1 P =  
Ro 
This complicates t h e  mathematics i n  obtaining an es t i -  
mator f o r  t h e  growing exponential technique i n  t h a t  it 
adds a pole t o  be considered i n  evaluation of residues.  
However, t he  bas ic  mathematics i s  i n  no way l imited 
s ince  t h e  presence of addi t ional  poles i s  not present ly  
considered a l imi t ing  fac tor .  
One requirement i n fe r r ed  i n  a system i n  t h i s  discussion 
i s  s t a b i l i t y .  I n  order  t o  t e s t  with growing exponential 
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s i g n a l s ,  a b a s i c  r e q u i r e m e n t  i s  
i n p u t  s i g n a l s  p r o d u c e  c o n t r o l l e c  
t h a t  bou.nded or c o n t r o l l e d  
or bounded 0 u t p u . t  s i g n a l s .  
With t h i s  i n  mind ,  problems a s s o c i a t e d  w i t h  s t a b i l i t y  a n d  
i n i t i a l  c o n d i t i o n s  mus t  be assumed a n s w e r e d  by a n o t h e r  means.  
3.0 THE RESULTS O F  SINGLE PARAMETER TESTING 
The r e s u l t s  p r e s e n t e d  i n  S e c t i o n  3 . 1  t h r o u g h  3..4 a r e  i n  summary 
form. More complete d e t a i l s  c a n  be f o u n d  i n  t h e  p r e v i 0 u . s  p h a s e  
reports ( R e f e r e n c e s  2 1 ,  2 2 ,  a n d  2 3 ) .  The r e s u l t s  of t e s t i n g  t h e  
s i x t h  order t r a n s f e r  f u n c t i o n  a r e  b e i n g  reported for  t h e  f i r s t  
t i m e  a n d  a r e  t h e r e f o r e  g i v e n  i n  more d e t a i l  ( S e c t i o n  3.5). 
3.1 THE FIRST ORDER TRANSFER FUNCTION 
The f i r s t  t r a n s f e r  f u n c t i o n  t e s t ed  w i t h  t h e  S i n g l e  P a r a m e t e r  
T e s t i n g  s e t u p  a s  shown i n  F i g u r e  2 - 1  was  
1 
dl s + do H ( S )  = 
R e s u l t s  of t h e  parameter  e s t ima to r  o u t p u t s  a s  a f u n c t i o n  of t i m e  
a r e  g i v e n  i n  F i g u r e  3-1 f o r  i n c r e m e n t a l  p a r a m e t e r  c h a n g e s  of 3%, 
i . e . ,  3%, 6%, 9%, 12%, 15%, 18%, etc .  Measurements  of t h e  par -  
m e t e r  errors w e r e  t a k e n  when t h e  p r o b i n g  s i g n a l  stopped. N o t i c e  
t h a t  when o n l y  o n e  p a r a m e t e r  i s  v a r i e d ,  t h e  e s t i m a t e  of t h e  o t h e r  
p a r a m e t e r  i s  a p p r o x i m a t e l y  zero. N o t i c e  a l s o  t h a t  a n  i n c r e m e n t a l  
c h a n g e  i n  a p a r a m e t e r  r e s u l t s  i n  a s i m i l a r  i n c r e m e n t a l  c h a n g e  i n  
t h e  e s t i m a t e .  
- + 40% c h a n g e  i n  t h e  p a r a m e t e r .  A f t e r  40%, t h e r e  was a n  i n t e r a c t i o n  
b e t w e e n  t h e  e s t i m a t o r s  f o r  dl and do. 
c a u s e  t h e  a p p r o x i m a t i o n  of t h e  t r a n s f e r  f u n c t i o n  i s  based o n  a 
T a y l o r  series e x p a n s i o n ,  wh ich  is  o n l y  a c c u r a t e  w i t h i n  a l i m i t e d  
r e g i o n ,  when h i g h e r  order t e r m s  a r e  n e g l e c t e d .  
The e s t i m a t e s  w e r e  a c c u r a t e  u p  t o  a p p r o x i m a t e l y  a 
T h i s  i s  n o t  s u r p r i s i n g  be- 
3-1 
. , . . . 
. .  -... 
d- parameter v a r i a t i o n s  
Figure 3-1 d Parameter var iat ions  w i t h  no var iat ions  i n  
do 
0 
dl and dl Parameter with no var iat ions  i n  3-2  
. . *  
If both p a r a m e t e r s  a r e  v a r i e d  a t  t h e  same t i m e ,  t h e  r a n g e  of 
p a r a m e t e r  v a r i a t i o n  over which  an a c c u . r a t e  e s t i m a t e  c a n  be ob- 
t a i n e d ,  i s  d e c r e a s e d .  
3 . 1.1 N o i s e  Ekpe r imen t  
A n o i s e  e x p e r i m e n t  w a s  c o n d u c t e d  t o  d e t e r m i n e  t h e  s e n s i t i v i t y  of 
t h e  p a r a m e t e r  measurement  a c c u r a c y  t o  n o i s e .  The e x p e r i m e n t  was 
c o n d u c t e d  by i n s e r t i n g  i n d e p e n d e n t  b a n d  l i m i t e d  n o i s e  a l o n g  w i t h  
t h e  p r o b i n g  s i g n a l  i n t o  b o t h  t h e  n o m i n a l  a n d  a c t u a l  system u n d e r  
test .  The s i g n a l  t o  n o i s e  r a t i o  w a s  measu red  by t h e  r a t i o  
p e a k  v o l t a g e  of s i g n a l  
r m s  n o i s e  v o l t a g e  
B y  o b s e r v i n g  t h e  r e s u l t s  of m e a s u r i n g  a p a r a m e t e r  v a r i a t i o n  of 10% 
i n  dl, it was  c o n c l u . d e d  t h a t  t h e  t e s t i n g  s i g n a l  shou . ld  be g r e a t e r  
t h a n  2 6  db above t h e  r m s  n o i s e  level. With a 2 6  db v o l t a g e  r a t i o  
t h e  r a n g e  of i n d i c a t i o n  of dl was 10% 5 1.5%. 
3.1.2 Time  V a r y i n g  P a r a m e t e r s  
TO s t u d y  t h e  e f fec ts  of t i m e  v a r y i n g  p a r a m e t e r s  upon t h e  measu re -  
ment  a c c u r a c y ,  dl w a s  a l lowed t o  vary s i n u s o i d a l l y ,  a s  
d, + Ad s i n  w o t .  
- 1 
The r a d i a n  f r e q u e n c y  w0 w a s  v a r i e d  a n d  t h e  dl e s t i m a t o r  o u t p u t  
observed. The r e s u l t s  show t h a t  i n  tes ts  of t i m e  v a r y i n g  p a r -  
a m e t e r s ,  good measurement  a c c u r a c y  c a n  be o b t a i n e d  a t  r a d i a n  
f r e a u e n c i e s  b e l o w  o n e  h a l f  of t h e  v a l u e  of t h e  t r a n s f e r  f u n c t i o n  
pole. 
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3.1.3 A Second Example of a F i r s t  Order T r a n s f e r  F 'unc t ion  
A n o t h e r  f i r s t  order t r a n s f e r  f u n c t i o n  of t h e  f o r m  
c s + c  1 0 
dls + do 
was tes ted u s i n g  t h e  theory developed i n  S e c t i o n  2.6.  The ex- 
p e r i m e n t  was c o n d u c t e d  o n  t h i s  t r a n s f e r  f u n c t i o n  t o  e s t a b l i s h  
t h e  m e a s u r a b i l i t y  of c o e f f i c i e n t s  i n  t h e  n u m e r a t o r  a n d  denom- 
i n a t o r .  The p r e v i o u s  example  ( S e c t i o n  3.1) o n l y  measu red  t h e  
effect  of c o e f f i c i e n t s  i n  t h e  denomina to r .  
The r e s u l t s  showed t h a t  t h e  n u m e r a t o r  e s t ima to r  o u t p u t s  w e r e  
o r t h o g o n a l  t o  e a c h  o t h e r  for  a b o u t  a + 20% c h a n g e  i n  e i t h e r  
n u m e r a t o r  p a r a m e t e r .  The d e n o m i n a t o r  e s t ima to r  o u t p u t s  a l s o  
w e r e  o r t h o g o n a l  t o  e a c h  other. H o w e v e r ,  t h e r e  was a n  i n t e r -  
a c t i o n  be tween  n u m e r a t o r  t e r m  c h a n g e s  a n d  t h e  d e n o m i n a t o r  t e r m  
o u t p u t  e s t i m a t e s ,  a n d  v i c e - v e r s a .  T h a t  i s ,  f o r  a 10% c h a n g e  i n  
c 
a n d  do would  r e a d  a v a l u e  o t h e r  t h a n  t h e  desired 0%. 
a c t i o n  problem be tween  t h e  numera to r  and  d e n o m i n a t o r  t e r m s  c o u l d  
h a v e  b e e n  solved by a d d i n g  a t h i r d  s i g n a l  t o  t h e  t w o  s i g n a l s  
wh ich  make u p  t h e  p r o b i n g  s i g n a l  (see S e c t i o n  2 . 6 ) .  T h i s  t h i r d  
s i g n a l  i s  a n  i m p u l s e  a t  t i m e  t = 0 .  The o u t p u t  of t h e  s u b t r a c t i o n  
c i r c u i t  i s  t h e n  u s e d  a s  a n o t h e r  f i l t e r  bank  o u t p u t .  T h i s  i m p u l s e  
i s  r e q u i r e d  s i n c e  t h e  order of t h e  n u m e r a t o r  i s  t h e  same a s  t h e  
- 
t h e  f o u r  e s t i m a t o r  o u t p u t s  would be: cl-lo%, co-0% a n d  dl 1' 
T h i s  i n t e r -  
order of t h e  denomina to r .  Th i s  i n t e r a c t i o n  be tween  t h e  n u m e r a t o r  
3 - 4  
a n d  d e n o m i n a t o r  terms would  a l s o  n o t  be a problem i f  t h e  t i m e  
s a m p l i n g  t e c h n i q u e  t o  be described i n  S e c t i o n  3.5.9 w e r e  u s e d .  
3.2 SECOND ORDER SYSTEM 
A s e c o n d  order t r a n s f e r  f u n c t i o n  of t h e  form 
c l s + c  
0 
s L  + dl s + do 
was tes ted u s i n g  t h e  t h e o r y  which w a s  developed i n  S e c t i o n  2 .7 .  
The r e s u l t s  of t h e  e x p e r i m e n t a t i o n  showed t h a t  p a r a m e t e r  v a r i a -  
t i o n s  i n  c a n d  c c o u l d  be measured  i n d e p e n d e n t l y .  The f o l l o w i n g  
t w o  f i g u r e s  3-2 a n d  3-3 i l l u s t r a t e  t h e  d a t a  o b t a i n e d .  The p a r -  
a m e t e r  v a r i a t i o n s  a r e  f o r  - + l o % ,  - + 20%, 5 30%. I n  F i g u r e  3-2,  
0 1 
c was  var ied ,  w h i l e  c was  h e l d  a t  i t s  n o m i n a l  v a l u e .  I n  F i g u r e  
3-3, c w a s  held c o n s t a n t  w h i l e  c1 was  v a r i e d .  The t r a c e  i n  t h e  
middle of e a c h  f i g u r e  is  t h e  optimum p r o b i n g  s i g n a l .  
0 1 
0 
,* The system w a s  a l s o  t e s t ed  w i t h  v a r i a t i o n s  of dl a n d  do u p  t o  30% 
u n d e r  o t h e r w i s e  nomina l  c o n d i t i o n s  (See F i g u . r e s  3-4 a n d  3-5).  
V a r i a t i o n s  i n  do w e r e  r e a d i l y  measured  over a - + 10% r a n g e .  
measurement  of t h e  p a r a m e t e r  dl ,  however ,  was i n f l u e n c e d  by v a r -  
i a t i n r !  in t h e  p a r a m e t e r  du a s  w e l l  a s  t h e  p a r a m e t e r  d , .  
The 
H o w e v e r ,  - 
by p l o t t i n g  dl v e r s u s  d o n  a s e t  of c o n t o u r s  of c o n s t a n t  d a n d  
0 1 
do, v a r i a t i o n s  of b o t h  p a r a m e t e r s  c a n  be measured .  A l t e r n a t i v e l y ,  
when l i m i t s  h a v e  b e e n  set o n  do a n d  d l ,  c o n t o u r s  s u c h  a s  those i n  
F i g u r e  3-6 c a n  be u s e d  t o  decide w h e t h e r  or n o t  t h e  system is  
a c c e p t a b l e .  
3-5 
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. , a  
A s  was t h e  c a s e  of t h e  f i r s t  order system described i n  S e c t i o n  
3.1.3 t h e r e  was a n  i n t e r a c t i o n  be tween n u m e r a t o r  t e r m  c h a n g e s  
a n d  t h e  d e n o m i n a t o r  t e r m  o u t p u t  e s t i m a t e s ,  a n d  vice v e r s a .  T h i s  
i n t e r a c t i o n  problem c o u l d  h a v e  been  solved by u s i n g  a p r o b i n g  
s i g n a l  c o n s i s t i n g  of f o u r  s i g n a l s  i n s t e a d  of t h e  t w o  s i g n a l s  
which  w e r e  u s e d .  T h e s e  f o u r  s i g n a l s  a r e  g i v e n  i n  E q u a t i o n  2-49. 
The f i l t e r  bank would  a l s o  be expanded t o  f o u r  f i l t e rs .  T h i s  
i n t e r a c t i o n  be tween  t h e  n u m e r a t o r  a n d  d e n o m i n a t o r  t e r m s  would  
a l s o  n o t  be a problem i f  t h e  t i m e  s a m p l i n g  t e c h n i q u e  t o  be de- 
scribed i n  S e c t i o n  3.5.9 w e r e  u sed .  
3.3 SECOND ORDER SYSTEM WITH A NONLINEARITY 
The g a i n  of t h e  c o e f f i c i e n t  dl of  t h e  s e c o n d  order system was 
v a r i e d  n o n l i n e a r l y  a s  i n  F i g u r e  3-7. P l o t s  compar ing  t h e  mea- 
s u r e m e n t s  of p a r a m e t e r  v a r i a t i o n  a r e  shown i n  F i g u r e  3-8. The  
effect  of t h e  damping n o n l i n e a r i t y  was t o  o f f se t  t h e  measurements  
by a n  a p p r o x i m a t e  v a l u e  w i t h o u t  a p p r e c i a b l y  a f f e c t i n g  t h e  slopes 
of t h e  p l o t s  of e s t i m a t e d  v e r s u s  a c t u . a l  v a r i a t i o n s  of t h e  p a r -  
a m e t e r s .  
The i s o l a t i o n  of t h e  measurement  of d 
i a t i o n s  was somewhat d e t e r i o r a t e d  by i n c l u s i o n  of t he  K l u f i l i i - l e Z r i t Y  
v a r i a t i o n s  f r o m  dl v a r -  
0 
w h e r e  t h e r e  i s  some v a r i a t i o n  of t h e  d measurement  f r o m  a n  i n i t i a l  
o f f se t  v a l u e .  A s  m e n t i o n e d  i n  S e c t i o n  3.2, t h e  measurement  of dl 
c o u l d  n o t  be i s o l a t e d  f r o m  do v a r i a t i o n s ,  even  w i t h  a l i n e a r  system. 
0 
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1 / '  F i g u r e  3-7 
Non-Linear  Deadband On Damping C o e f f i c i e n t  
3.4 TESTING AN X-Y PLOTTER SERVO SYSTEM 
The t e c h n i c a l  a p p r o a c h  of s i n g l e  p a r a m e t e r  t e s t i n g  w i t h  g r o w i n g  
e x p o n e n t i a l s  s i g n a l s  was a p p l i e d  t o  t h e  servo-loop c o n t r o l l i n g  
pen  p o s i t i o n  o n  a n  X-Y plo t te r .  
was t o  e s t a b l i s h  t h e  test  p r o c e d u r e  fo r  a p h y s i c a l  system a n d  
g a i n  i n s i g h t  i n t o  p r a c t i c a l  p rob lems .  The t e s t i n g  was n e c e s s a r y  
for  a t h e o r e t i c a l  e x a m i n a t i o n  of  more complex systems b e c a u s e  
e v a l u a t i o n  of v a r i o u s  poles ignored i n  t h e  model deve lopmen t  
c o u l d  show t h e i r  p r a c t i c a l  e f fec t .  
The p r i m a r y  p u r p o s e  of t h e  tes t  
I n  g e n e r a l  t h e  r e s u l t s  of t h e  tests on  t h e  X-Y p lo t te r  a r e  weaker 
t h a n  i r i i t i a l l y  zxpecte8 since zc! spec i f i c  q u a n t i t a t i v e  r e s u l t s  
c a n  be s t a t e d .  H o w e v e r ,  q u a l i t a t i v e  r e s u l t s  p e r t i n e n t  t o  t h e  
g e n e r a l  t e s t i n g  p h i l o s o p h y  a n d  t h e  o b s e r v a t i o n s  made d u r i n g  t h e  
tes ts  showed a n  improved t e s t i n g  p r o c e d u r e  f o r  more complex 
systems. 
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The main c o n c l u s i o n s  o b t a i n e d  from t h e  e x p e r i m e n t a l  w o r k  on  t h e  
X-Y p lo t te r  arm p o s i t i o n  c o n t r o l  loop a r e :  
a .  The p r a c t i c a l  s e n s i t i v i t y  of t h e  g r o w i n g  e x p o n e n t i a l  
t e c h n i q u e  t o  v a r i a t i o n s  i n  p a r a m e t e r  v a l u e s  depends  
s t r o n g l y  o n  how close t h e  i n p u t  p r o b i n g  s i g n a l  i s  
ma tched  t o  t h e  p a r t i a l  d e r i v a t i v e  of t h e  system 
f u n c t i o n .  T h i s  s i g n a l  ma tch  r e q u i r e s  a c c u r a t e  co- 
e f f i c i e n t  v a l u e s  i n  t h e  t r a n s f e r  f u n c t i o n  of t h e  
nomina l  system. some systems may r e q u i r e  a n  ex- 
t e n s i v e  e v a l u a t i o n  of t h e  system o p e r a t i o n  t o  o b t a i n  
t h e s e  t r a n s f e r  f u n c t i o n  c o e f f i c i e n t s .  
b. The i n s t r u m e n t a t i o n  for  i m p l e m e n t i n g  t h e  method mus t  
be c o m p a t i b l e  w i t h  i n p u t / o u t p u t  impedance  r e l a t i o n s  
of t h e  system u n d e r  e v a l u a t i o n .  The u s e  of i s o l a t i o n  
devices be tween  t h e  t e s t i n g  equ ipmen t  a n d  t h e  system 
t o  be tes ted  would  a l l e v i a t e  t h e  impedance  m a t c h i n g  
problem. 
C.  S i g n a l  levels be tween t h e  t e s t i n g  equ ipmen t  a n d  t h e  
t r a n s f e r  f u n c t i o n  u n d e r  e v a l u a t i o n  m u s t  be c o m p a t i b l e .  
T h i s  w a s  a problem w i t h  t h e  X-Y p l o t t e r  which  o p e r a t e s  
w i t h  m i l l i v o l t  s i g n a l s  a n d  t h e  a n a l o g  compute r  w h i c h  
o p e r a t e s  f r o m  1 0  m i l l i v o l t s  t o  100 vo l t s .  It would  
h a v e  been  d e s i r a b l e  t o  t e s t  t h e  X-Y p lo t t e r  w i t h  a 
t r a n s i s t o r i z e d  t e s t i n g  system d e s i g n e d  t o  o p e r a t e  i n  
t h e  l o w  m i l l i v o l t  r e g i o n .  
3-14 
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The d a t a  shown i n  F i g u r e  3-9 i n c l u . d e s  t h e  i n p u t  p r o b i n g  s i g n a l  
m a t c h e d  t o  H ( S )  a n d  t h e  d i f f e r e n c e  i n  t h e  r e s p o n s e  of e a c h  of 
t h e  t w o  X-Y p lo t te r  servo loops. ( F o r  a n o m i n a l  system, a 
s e c o n d  X-Y p l o t t e r  servo l o o p  was u s e d . )  
F i g u r e  3-10 i l l u s t r a t e s  t h e  r e s p o n s e  f r o m  e a c h  of t h e  servo 
loops s e p a r a t e l y .  F i g u r e  3-11 shows a g a i n  c h a n g e  i n  e a c h  servo 
loop observed a t  t h e  e s t i m a t o r  o u t p u t  t e r m i n a l .  F i g u r e s  3-12 a n d  
3-13 i n d i c a t e  t h e  respective changes  i n  e a c h  recorder ( +  100 per- 
c e n t ,  0 ,  -50 p e r c e n t ) .  F i n a l l y ,  F i g u r e  3-14 shows t w o  s e p a r a t e  
levels of l i m i t i n g  t h e  servo t r a v e l .  
The s e c o n d  order t r a n s f e r  f u . n c t i o n  f o r  t h e  servo loop i n v e s t i g a t e d  
i s  : 
K 
s2 + 15 .08s  + 104.4 
H ( S )  = 
The t o t a l  t r a n s f e r  f u . n c t i o n  o b t a i n e d  by a d e t a i l e d  a n a l y s i s  a n d  
m e a s u r e d  d a t a  is: 
K ( S  + 2 7 5 )  
HT(S)  = 
(s2 + 15.08s + 184.4)  (s  + 81.5) ( s  + 2 7 9 )  
I n  r e v i e w ,  it c a n  be s t a t e d  t h a t  t h e  f o l l o w i n g  r e a s o n s  a c c o u n t e d  
f o r  t h e  d i f f i c u l t i e s  i n  o b t a i n i n g  q u a n t i t a t i v e  r e s u l t s :  
a .  The a p p r o x i m a t i o n  of t h e  t r a n s f e r  f u n c t i o r !  i n  f o r m i n g  
t h e  m a t c h i n g  i n p u t  s i g n a l .  
b. N o n l i n e a r  e f fec ts  i n t r o d u c e d  by t h e  c h o p p e r  a n d  motor 
m o d u l a t i o n  d e m o d u l a t i o n  c h a r a c t e r  is t i c  . 
c. S i g n a l  levels f r o m  t h e  servo loop r e q u i r e d  l a r g e  g a i n s  
t o  be c o m p a t i b l e  w i t h  t h e  c o m p u t e r  s i g n a l  levels. 
3-15 
Figure 3-9. I n p u t  Probing S i g n a l  
System A Minus 
System B Response 
Figure 3-10. 
Figure 3-11. 
Se rvo-Loop Response 
a. System A Response 
b. System B Response 
Gain Change 
o u t p u t  
a t  E s t i m a t o r  
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F i g u r e  3-12. Gain Change a t  E s t i m a t o r  
Output - S y s t e m  A 
Figure 3-13. G a i n  Change a t  E s t i m a t o  
Output  - S y s t e m  B 
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3.5 SIXTH ORDER SYSTEM 
3 5 1 1 n t r o d u . c t  i o n  
The t r a n s f e r  f u n c t i o n  of a n  a c t u a l  S a t u r n - I B  system was selected 
for  t e s t i n g  u s i n g  t h e  g r o w i n g  e x p o n e n t i a l  t e c h n i q u e .  The t h r u s t  
vector control system u s e s  a Moog's Model 16-120A dynamic  p r e s s u r e  
f e e d b a c k  s e r v o v a l u e  a n d  a Moog's Model 17-150 a c t u a t o r .  The l i n -  
e a r i z e d  closed loop t r a n s f e r  f u n c t i o n  of t h e  system derived f r o m  
e m p i r i c a l  d a t a  i s  
w = 21.02 rad/sec 1 w h e r e  
w = 49.52 r a d / s e c  2 
UJ = 302.5 rad/sec 3 
w = 262.7 rad/sec 4 
b 2  = 0202 
b 4  = , 5 2 8  
The s t u d y  of t h i s  c o n t r o l  system a n d  d e r i v a t i o n  of t h e  t r a n s f e r  
f u . n c t i o n  i s  fou.nd i n  Reference 24. A l s o  i n  t h i s  r e f e r e n c e  i s  
a s p e c i f i c a t i o n  of t h e  p e r m i s s a b l e  a m p l i t u . d e  r a t i o  a n d  p h a s e  
l a g  of t h e  t r a n s f e r  f u , n c t i o n .  The r a n g e  of c h a n g e s  i n  e a c h  
p a r a m e t e r  t o  be s t u d i e d  was d e t e r m i n e d  f r o m  t h e s e  s p e c i f i c a t i o n s  
t o  be w1 2 10% 
UJ + 5% 2 -  
u) + 10% 3 -  
6 + 5% 2 -  
3-18 
. * .  
The i n v e s t i g a t i o n  of d o m i n a n t  p o l e s  of t h e  t r a n s f e r  f u n c t i o n  c a n  
be a c c o m p l i s h e d  by e v a l u a t i n g  t h e  i m p u l s e  r e s p o n s e  of t h e  system 
t r a n s f e r  f u n c t i o n ,  G 7 .  
+ 37.05 exp ( - l o t )  s i n  ( 4 4 . 2 t  - 98.2O) 
+ 1 .675  exp (-138.8t) s i n  ( 1 8 0 t  + 53.5O) 
From t h i s  t i m e  r e s p o n s e ,  it c a n  be observed t h a t  t h e  e x p o n e n t i a l  
39 .6  exp ( - 2 1 . 0 2 t )  i s  t h e  l a r g e s t  t e r m .  The complex poles a t  
u) = 49.52 a l s o  c o n t r i b u t e  t o  a l a r g e  p a r t  of t h e  t i m e  r e s p o n s e .  
The p a r a m e t e r s  w h i c h  w e r e  therefore selected f o r  t e s t i n g  w e r e  
The  a d d i t i o n a l  pole 3' w w b 2 '  t h e  o p e n  loop g a i n  K a n d  w 
u) was  selected b e c a u . s e  t h e  s e r v o - v a l v e  w h i c h  it r e p r e s e n t s  
i s  s u b j e c t  t o  l a r g e  c h a n g e s  f rom system t o  system. 
1' 2 '  
3 
3.5.2 P a r t i a l  Systems 
A c h a n g e  of t h e  t r a n s f e r  f u n c t i o n  a s  a r e s u l t  of a p a r t i c u l a r  
p a r a m e t e r  c h a n g e  c a n  be described by t h e  T a y l o r  series e x p a n -  
s i o n :  - 
w h e r e  H ( S )  = t h e  spec i f i ed  nomina l  system, 
0 
= f i r s t  p a r t i a l  d e r i v a t i v e  of t h e  system aai  
w i t h  respect t o  t h e  i t h  p a r a m e t e r .  
a i  = t h e  p a r t i c u l a r  p a r a m e t e r  u n d e r  i n v e s t i g a t i o n .  
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The p a r t i a l  d e r i v a t i v e s  which  w i l l  be c o n s i d e r e d  a r e  t h o s e  
1 , b 2  and W. T h e s e  a r e :  a s s o c i a t e d  w i t h  K,  c, -1 1  
1 *2 3 
a G7 -S 
8 3  = (G7)  (1 + s/w1) 
2 -2s /w2 - 2 b 2  s a G7 
a(l7au,) = (G7)  (1 + 2 b 2 s / w 2  + s2/w22) 
-2S/W2 
= (G7)  aG7 
a(b2) (1 + 262s/w2 + S2/(JJ22 
5 
2(.25)s+ 2 (G7 1 S (1 + S/314) + 53.38 53.38 
“7 - -  
2 2  (1 + S/Wl) (1 + s/w3) 1 + 2b2s/ur2 + S /w2 
2 a (K) HK 
CI 
2(.52)S + 52 1 +  
270  2701 
2 2  1 + 2b4S/w4 + s /w4 
The p a r t i a l  d e r i v a t i v e  systems w e r e  s i m u l a t e d  a n d  t h e  i m p u l s e  
r e s p o n s e s  t a k e n .  T h e s e  impu l se  r e s p o n s e s  a r e  i l l u s t r a t e d  i n  
3-20  
F i g u r e  3-15. It c a n  be s e e n  from t h e s e  i m p u l s e  r e s p o n s e s  t h a t  
?K 
t h a t  it w i l l  be d i f f i c u l t  t o  s e p a r a t e  t h e  e f fec t  of a n  error 
a G7 is a p p r o x i m a t e l y  t h e  n e g a t i v e  of a ( l / w l )  . This means a G7 -
f r o m  a n  error d u e  t o  a c h a n g e  i n  K. 
3.5.3 The O r t h o g o n a l i z e d  S i g n a l s  
The o r t h o g o n a l i z e d  s i g n a l s  which w e r e  u s e d  t o  s t u d y  t h e  s i x t h  
order t r a n s f e r  f u n c t i o n s  w e r e  g e n e r a t e d  w i t h  t h e  f i l t e r  bank 
shown i n  F i g u r e  3-16. The s i g n a l  g e n e r a t i o n  p r o c e d u r e  was 
t o  a p p l y  a n  i m p u l s e  t o  t h e  f i l t e r  b a n k  a n d  record t h e  twe lve  
f i l t e r  o u t p u t s .  T h e s e  twe lve  t i m e  r e s p o n s e s  a r e  shown i n  
F i g u r e s  3-17 a n d  3-18. T o  o b t a i n  t h e  g r o w i n g  e x p o n e n t i a l s  
wh ich  w e r e  u s e d  i n  t h e  system t e s t i n g ,  t h e  twelve impu.1se 
r e s p o n s e s  w e r e  recorded on  t a p e  a n d  t h e n  t h e  t a p e  was reversed 
e n d  fo r  end.  Thus i f  F i g u r e s  3-17 a n d  3-18 a r e  t u r n e d  u p s i d e  
down, t h e y  show t h e  t w e l v e  growing  e x p o n e n t i a l  s i g n a l s .  
T h e s e  s i g n a l s  w e r e  t h e n  tested t o  e s t a b l i s h  o r t h o g o n a l i t y .  
T h i s  was a c c o m p l i s h e d  by i n s e r t i n g  t h e  s i g n a l s  i n t o  t h e  gen -  
e r a t o r  f i l t e r  bank  a n d  observing t h e  ou. tpu. ts  a t  t h e  t i m e  t h a t  
t h e  g r ~ ~ i n g  e x p o n e n t i a l  e n d s .  F i g u r e s  19 throu .gh  20 g ive  
s a m p l e  r e s u . l t s  of a p p l y i n g  t h e  t e s t  s i g n a l s  t o  t h e  f i l t e r  
bank .  Notice t h a t  a l l  s i g n a l s  w e r e  c r t h o g o n a l  t o  e a c h  o t h e r .  
3 -21  
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Figure 3-15 
S i x t h  O r d e r  System P a r t i a l  System Impu.lse R e s p o n s e s  
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Figure 3-17 F i l t e r  Bank Impulse Responses 
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Figure 3-19 
Results of Testing the Cross-Correlation Characteristics of the Responses 
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Figure 3-20 
Results of Testing the Cross-Correlation Characteristics of the Responses 
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3.5.4 D e t e r m i n a t i o n  of t h e  H M a t r i c e s  
The  H m a t r i c e s  w e r e  d e t e r m i n e d  u s i n g  t h e  t e s t  s e t u p  shown i n  
F i g u . r e  21. 
Tape 
Recorder 
3 
I
Figu . r e  2 1  
Sample a t  t i m e  
t = O  
D e t e r m i n a t i o n  of t h e  H M a t r i c e s  T e s t  Se tu .p  
Thus for  e a c h  of t h e  f i v e  p a r t i a l  systems g i v e n  i n  S e c t i o n  3.5.2, 
a 1 2  x 1 2  m a t r i x  i s  formed r e p r e s e n t i n g  t h e  sampled 1 2  f i l t e r  
0u. tpu. t  r e s p o n s e  v a l u e s  t o  t h e  12 i n p u t  s i g n a l s .  Each e l e m e n t  
of t h e  t a b l e  gives  t h e  r e s u i t  oi 
* dS 
jk = J C  @ J .(-SI Hi(S) Qk(s )  2nj 
w h e r e  t h e  v a l u e  of h represents t h e  r e s u l t s  of t h e  i n p u t  s i g n a l  
a c t i n g  o n  t h e  t r a n s f e r  f u n c t i o n  H.(S) a n d  t h e  m e a s u r i n g  f i l t e r  
jk 
1 
3-22 
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One o b s e r v a t i o n  a b o u t  t h e  m a t r i c e s  t h a t  was made, was t h a t  t h e  v a l u e s  
i n  t h e  t a b l e  c o r r e s p o n d i n g  t o  ( r )  a r e  t h e  n e g a t i v e  of t h e  v a l u . e s  
i n  t h e  K t a b l e .  Because  of t h e  close c o r r e l a t i o n  be tween  a c h a n g e  
i n  (r) a n d  K t h e  t w o  p a r a m e t e r s  w i l l  be h a r d  t o  s e p a r a t e .  
1 
1 
1 
1 
* 
Q . ( - s )  a t  t i m e  t = 0. T h e r e  a r e  f i v e  of t h e s e  m a t r i c e s  cor- 
r e s p o n d i n g  t o  t h e  f i v e  p a r t i a l  systems of i n t e r e s t .  B y  com- 
b i n i n g  t h e s e  f i v e  Ha m a t r i c e s  a m o d u l a t i o n  m a t r i x  c a n  be o b t a i n e d .  
Because  of t h e  s i z e  of t h e  m a t r i c e s  no o p t i m i z a t i o n  was c o n d u c t e d  
t o  a r r i v e  a t  a n  optimum probing s i g n a l ,  r a t h e r ,  e n g i n e e r i n g  j u d g e -  
ment  was u s e d  t o  a r r i v e  a t  a m o d u l a t i o n  m a t r i x .  Whi l e  a n  optimi- 
z a t i o n  process c o u l d  be c o n d u c t e d ,  it would  give r e s u l t s  f o r  o n l y  
t h e  f i r s t  t e r m  i n  t h e  T a y l o r  series e x p a n s i o n .  H i g h e r  order i n -  
t e r a c t i o n s  s h o u l d  d e t e r m i n e  a p o r t i o n  of t h e  s i z e  of t h e  c o v a r i a n c e  
terms. 
t h e  f i r s t  order t e r m s  o n l y  would be m i s l e a d i n g .  
was observed i n  t h e  t e s t i n g  of t h e  s e c o n d  order system s t u d i e d  i n  
P h a s e  B a n d  i n  t h e  t e s t i n g  o f  t h e  X-Y p lo t t e r .  I n  b o t h  c a s e s  es- 
t i m a t o r s  b a s e d  on  e x p e r i m e n t a l  r e s u l t s  which  i n c l u d e d  t h e  s e c o n d  
order results w e r e  better t h a n  t h a t  predicted f r o m  t h e  o p t i m i z a t i o n .  
J 
I 
Any o p t i m i z a t i o n  t o  min imize  t h e  c o v a r i a n c e  t e r m s  b a s e d  on  
An example  of t h i s  
i 
I 
I 
The f i r s t  m o d u l a t i o n  m a t r i x  was selected t o  m e a s u r e  t h e  p a r a m e t e r s  
1 a n d  b 2 .  The p a r a m e t e r  r was n o t  c o n s i d e r e d  i n  t h i s  
m o d u l a t i o n  m a t r i x  b e c a u s e  of i t s  l o w  c o n t r i b u t i o n  t o  t h e  system 
r e s p o n s e .  
1 1  K, - - 
wl' u) 2 ' 3 
The t e s t  s i g n a l ,  fT( t )  u s e d  t o  o b t a i n  t h i s  m o d u l a t i o n  
3 - 2 3  
m a t r i x  was 
+ 
m e n  t h i s  m o d u l a t i o n  m a t r i x  was tested it was f o u n d  t h a t  t h e  
s u b t r a c t i o n  of l a r g e  s i g n a l s  was r e q u i r e d  t o  s e p a r a t e  t h e  p a r -  
a m e t e r  changes .  T h i s  r e s u l t e d  i n  l a r g e  errors. To r e d u c e  t h e s e  
errors, t h e  m o d u l a t i o n  m a t r i x  was r e m e a s u r e d  t o  o b t a i n  a n  a c c u r a c y  
of - + -1%. T h i s  r e s u l t e d  i n  o n l y  s l i g h t l y  improved  r e s u l t s .  It 
was decided t h a t  t h e  numbers  i n  t h e  m o d u l a t i o n  m a t r i x  would h a v e  
t o  be known t o  w i t h i n  .01% i f  a c c u r a t e  measu remen t s  w e r e  t o  be 
made. T h i s  level of r e p e a t a b i l i t y  c o u l d  n o t  be a t t a i n e d  w i t h  t h e  
t e s t i n g  model a n d  c o u l d  n o t  be expected i n  a p r a c t i c a l  s i t u a t i o n .  
3.5.6 The R e s u l t s  Us inq  Modula t ion  M a t r i x  Two 
To b y p a s s  t h e  problem of subt rac t ing  large s i g n a l s ,  a n  a p p r o a c h  
was t r i ed  which  u s e d  a f i l t e r  bank o u t p u t  t o  d i r e c t l y  r e p r e s e n t  
a p a r a m e t e r  change .  B y  d o i n g  t h i s  n o  e s t i m a t o r  i s  needed ,  a n d  
t h e r e f o r e  no  s u b t r a c t i o n  of l a r g e  s i g n a l s  i s  n e c e s s a r y .  To do 
t h i s  r e q u i r e d  t w o  s e q u . e n t i a 1  t e s t i n g  s i g n a l s .  A t e s t  s i g n a l  
fTl(t) = f g ( t )  t o  perform t h e  measurement  of K (or - r ) ,  1 
1 
A s e c o n d  t e s t  s i g n a l ,  fT2(t)  = f7+( t )  was t h e n  1 - a n d  fj2. 
u . sed  t o  resolve t h e  d i f f e r e n c e  between K a n d  ( -  -). 1 
"2 
I11 - 
1 
The e x p e r i m e n t a t i o n  w i t h  t h i s  t e c h n i c p e  showed a n  a d d i t i o n a l  con-  
s i d e r a t i o n  which h a d  n o t  been  t a k e n  i n t o  a c c o u n t .  T h i s  was t h a t  
t h e  s i z e  of t h e  s e c o n d  d e r i v a t i v e  is  n o t  i n c l u d e d  i n  t h e  e s t i m a t e s  
3-24 
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of t h e  p a r a m e t e r s .  I n  some c a s e s  t h e  s e c o n d  d e r i v a t i v e  i s  l a r g e  
a n d  does r e p r e s e n t  a s i g n i f i c a n t  c o n t r i b u t i o n  t o  t h e  o u t p u t  of 
f i l t e r s .  T h e s e  r e s u l t s  i n d i c a t e d  t h a t  e i t h e r  e x p e r i m e n t a l  H 
m a t r i c e s  s h o u l d  be t a k e n  o n  t h e  s e c o n d  d e r i v a t i v e s ,  o r  t h a t  
t h e  H m a t r i c e s  s h o u l d  be determined w i t h  t h e  a c t u a l  system w i t h  
fixed c h a n g e s  of p a r a m e t e r s .  The r e s u l t s  would  s t i l l  be f u r t h e r  
c o m p l i c a t e d  by t h e  i n c l u s i o n  of t h e  cross d e r i v a t i v e s ,  which  would 
provide i n t e r a c t i o n s  i n  t h e  o u t p u t s  of t h e  c o r r e s p o n d i n g  f i l t e r s .  
3.5.7 The R e s u l t s  Us ing  Modu la t ion  M a t r i x  T h r e e  
I n  order t o  i n c l u d e  h i g h e r  order effects i n  t h e  p a r a m e t e r  pre- 
d i c t i o n  process, a new a p p r o a c h  was t a k e n .  
was u s e d  a s  t h e  i n p u . t  t e s t i n g  s i g n a l  a n d  a n  e x p e r i m e n t a l  d e s i g n  
The s i g n a l  f 8 ( t )  
was c o n d u c t e d  t o  express t h e  o u t p u t  of e a c h  f i l t e r  a t  t h e  s a m p l e d  
t i m e ,  a s  a f u n c t i o n  of c h a n g e s  i n  t h e  p a r a m e t e r s  of i n t e r e s t .  
T h a t  i s ,  a n  e q u a t i o n  of t h e  form 
4 
j 
m j  = e o  + C ( B m  am + ym a m L )  + E 
m= 1 
where  t h e  am a r e  t h e  p a r a m e t e r s  of i n t e r e s t .  
e f f i c i e n t s  a r e  d e t e r m i n e d  from t h e  e x p e r i m e n t a l  d e s i g n  d a t a  
The 5 a n d  y co- 
and  E i s  a n  error t e r m  which  expresses t h e  r e s u l t  of t h e  neg-  
leeted higher  order terms such  a s  a3 a n d  cross p rodu .c t  t e r m s  
j 
l i k e  ala2. 
shown i n  T a b l e  3-1. For  e a c h  of t h e  2 5  r u n s  t h e  sampled  f i n a l  
The e x p e r i m e n t a l  d e s i g n  p l a n  which  was performed i s  
v a l u e  of t h e  t w e l v e  f i l t e r  o u t p u t s  was recorded. The e q u . a t i o n s  
u s e d  t o  process t h i s  d a t a  t o  d e t e r m i n e  t h e  (3 a n d  y c o e f f i c i e n t s  
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a r e  g i v e n  i n  T a b l e  3-2.  A f u r t h e r  d i s c u s s i o n  of t h e  e x p e r i m e n t a l  
d e s i g n  p l a n  t h e o r y  c a n  be f o u n d  i n  R e f e r e n c e  25. B y  a c a r e f u l  
s e l e c t i o n  among t h e  possible t w e l v e  f i l t e r  o u t p u t  e q u a t i o n s  it 
was f o u n d  t h a t  b e c a u s e  some of t h e  a n d  y t e r m s  w e r e  r e l a t i v e l y  
l o w  t h a t  t h e  f o u r  p a r a m e t e r s  c o u l d  be d e t e r m i n e d  by u s i n g  o n l y  
f o u r  of t h e  f i l t e r  o u t p u t s .  I n  t h e  g e n e r a l  c a s e  it would  be nec -  
e s s a r y  t o  u s e  e i g h t  of t h e  f i l t e r  o u t p u t s .  
d e t e r m i n e d  is  g i v e n  i n  T a b l e  3-3. 
The m a t r i x  which  was 
Example r e s u l t s  o b t a i n e d  w i t h  t h i s  e s t i m a t o r  a r e  g i v e n  i n  T a b l e  
3-4. Each r u n  i n  t h e  t a b l e  gives t h e  a c t u a l  p a r a m e t e r  c h a n g e s  
a n d  t h e  r e s u l t s  of t h e  p a r a m e t e r  p r e d i c t i o n  a f t e r  p e r f o r m i n g  
t h e  s i n g l e  p a r a m e t e r  t e s t i n g .  A l l  numbers  i n  t h e  t a b l e  a r e  ex- 
pressed i n  p e r c e n t .  The c h a n g e s  i n  a l l  f o u r  p a r a m e t e r s  c o u l d  
be e s t i m a t e d  w i t h  a n  a v e r a g e  error of a b o u t  3% when t h e  magni- 
t u d e  of a p a r a m e t e r  error ( o r  errors) was less t h a n  10%. When 
p a r a m e t e r  error was g r e a t e r  t h a n  10%' t h e  p r e d i c t i o n  a c c u r a c y  
d e c r e a s e d .  
The p r e d i c t i o n  accu . r acy  f o r  t h r e e  of t h e  p a r a m e t e r s  was much 
bet ter  t h a n  t h e  a c c u . r a c y  of t h e  w3 p r e d i c t i o n .  
w 
when a n y  of t h e  p a r a m e t e r s  wit w 2 '  w 3 '  w 4 '  b 2 '  
a + 10% r a n g e .  T r y i n g  t o  a l s o  p r e d i c t  w thou .gh ,  d e c r e a s e s  t h e  
a v e r a g e  accu . r acy  f r o m  1% t o  3%. 
i n  p r e d i c t i n g  w 3 
The p a r a m e t e r s  
w a n d  b 2  c a n  be predicted w i t h  a n  a v e r a g e  accu . r acy  of 1% 
G 4  v a r y  ~ i t h i r !  
1' 2 
3 - 
The r e a s o n  for  t h e  d i f f i c u . l t y  
i s  t h a t  t h e  p a r t i a l  d e r i v a t i v e  of G, w i t h  
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respect t o  w i s  s m a l l  r e l a t i v e  t o  t h e  d e r i v a t i v e s  w i t h  respect 3 
t o  w1 o r  u) (see s e c t i o n  3 . 5 . 2 ) .  Therefore, t h e  system error 
o u t p u t  is much l a r g e r  f o r  a g i v e n  p e r c e n t a g e  error i n  w t h a n  
2 
1 
I n  t h e  e s t i m a t o r ,  t o  d e t e r m i n e  tu3 r e q u i r e s  a c a n c e l l a t i o n  3' w 
4 
of l a r g e  s i g n a l s ,  a n d  a s m a l l  e f f e c t  ( fo r  example  a a' order 
e f f ec t )  i n  o n e  of t h e  l a r g e  s i g n a l s ,  when s u b t r a c t e d  f r o m  a n -  
o t h e r  l a r g e  s i g n a l ,  w i l l  p r o d u c e  a s m a l l  d i f f e r e n c e ,  b u t  t h i s  
d i f f e r e n c e  c a n  be of t h e  same s i z e  a s  t h e  w 3  error s i g n a l  which 
it is  desired t o  measure .  T h i s  c a u s e s  t h e  a c c u r a c y  d i f f i c u l t y  
i n  m e a s u r i n g  u) 3'  
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RUN - PARAMETER CHANGE 
x1 x2 x3 x4 n 
FILTER* OUTPUT 
al 1 -1 -1 -1 -1 
2 -1 -1 -1 1 a 
3 -1 -1 1 -1 a 
4 -1 -1 1 1 a 
5 -1 1 -1 -1 a 
6 -1 1 -1 1 a 
7 -1 1 1 -1 a 
8 -1 1 1 1 
9 1 -1 -1 -1 
2 
3 
4 
5 
6 
7 
a8 
a9 
all 
a12 
10 10 1 -1 -1 1 a 
11 1 -1 1 -1 
1 2  1 -1 1 1 
13 1 1 -1 -1 
14 1 1 -1 1 
15 1 1 1 -1 
16 1 1 1 1 a 
17 0 0 0 0 a 
18 2 0 0 0 a 
19 -2 0 0 0 
2 0  0 2 0 0 a 
2 1  0 -2 0 0 
22 22 0 0 2 0 a 
2 3  2 3  0 0 -2 0 a 
2 4  a 0 0 0 2 2 4  
0 0 0 -2 a 2 5  2 5  
* T h e r e  a r e  1 2  f i l t e r  o u t p u t s  t o  be recorded f o r  e a c h  r u n  
a13 
a14 
a15 
16 
1 7  
18 
a19 
a 2 1  
2 0  
- Aur2 
I x2 - -
- Al'3 
I x4 - -
05 
- x1 - - 
I - A 6 2  
x3 - 3 5  
01 
.1 
T a b l e  3-1  
E x p e r i m e n t a l  Des ign  P l a n  
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N = 2 5  N = 2 5  
u 
n = l  
n 
2 
a 
' lnan 
2 
'2nan 
2 
'3nan 
2 
'4nan 
N +  
2 
'ln 
2 
'2 n 
X3n 
2 
c 
c 
c 
'2 n 
'3n 
'4n 
L 1 
X2n + Y 3  T X3n + Y4 c 
+ 
+ 
2 
'2 n 
= BOX x 2 + y c x in  x;, + Y2C xin x;n 4n  1 
2 
'ln 
2 
'2 n 
' 3= 
3c 
2 
'3n 
X2 
'3n 
3n 
4 
2 
x4n 
2 
'4n 
Y 4c 
YqC 
Y 4c 
2 
'ln 
x2n 
'Jn 
2 
2 
2 
X4n 
2 
X4n 
2 
X4n 
4 
X4n 
Table 3-2 
E x p e r i m e n t a l  Des ign  Equ .a t ions  
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0 
0 
0 
Ln 
u) 
N 
b 
e 
0 
d 
d d 
b 0 
b 0 
0 e 
0 e I 
0 
e 
e 
0 
e 
0 
N 
N 
m 
e 
cn 
N 
N 
0 
e 
a) 
d cn 
e 
rl 
cn 
0 
0 
e 
In 
m 
0 
0 
e 
a) 
a, 
a, 
k 
2= 
I3 
a, 
a) 
N 
I 
e 
0 
u) a) 
0 u) m 
N 
0 I I 
m 
V 
ri 
I I + I + 
u) N b a) 
@ 
I 
e e e 
I 
X m 4 
I k  
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Awl . .  
Ru n 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
1 2  
13 
14 
1 5  
16 
1 7  
18 
19 
2 0  
2 1  
22 
2 3  
24  
25  
2 6  
27  
2 8  
29 
30  
rl 
rq I 
c, 
2 
0% 
10 
-20 
40 
0 
0 
0 
0 
0 
0 
0 
0 
0 
10 
10 
-10 
-10 
-10 
-10 
10 
10 
0 
0 
0 
0 
0 
0 
2 0  
-20  
0 
0 
* V e r y  Large 
a 
a, 
c, u 
v i  a 
a, 
k 
c4 
0% 
9 
-2 4 
30  
0 
0 
-2 
1 
2 
-33 
0 
-1 
-2 
10 
9 
-11 
-11 
-11 
-12 
10 
6 
-1 
2 
-4 
-1 
-7 
-1 
1 7  
-2 4 
0 
0 
A w 2  O b 2  
rl 0 
0% 0% 0% 
0 0 0 
0 1 0 
0 1 0 
0 0 0 
0 +1 0 
0 -2 0 
5 5 0 
-10 -11 0 
2 0  16 0 
0 0 -5 
0 0 10 
0 1 -2 0 
0 0 0 
0 -1 0 
0 0 0 
0 1 0 
5 5 0 
-5 -5 0 
5 5 0 
-5 -6 0 
5 5 5 
5 6 -5 
-5 -6 -5 
-5 -5 +5 
10 8 10  
10 11 -10 
0 1 0 
0 2 0 
0 1 0 
0 0 0 
T a b l e  3-4 
a 
a, 
c, 
u 
-rl a 
a, 
k 
Dl 
0% 
0 
-11 
-11 
-1 
0 
-2 
1 
2 
* 
-5 
8 
-23 
0 
-1 
-4 
-3 
-3 
-4 
1 
-5 
3 
-2 
-11 
2 
-2 
-10 
-2 
-12 
-1 
0 
3 A W  
rl 
rq 
7 
c, 
2 
0% 
0 
0 
0 
-10 
20  
-40 
0 
0 
0 
0 
0 
0 
10 
-10 
-10 
10 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
2 0  
2 0  
0 
0 
a 
a, 
c, 
u 
Ti a 
a, 
k 
PI 
+1% 
+2 
-17 
-3 
-6 
+13 
-35 
0 
-7  
* 
0 
6 
-2 
9 
-6 
-10 
3 
-3 
+3 
3 
13 
9 
-6 
1 5  
6 
42 
7 
1 7  
-5 
23  
12  
A w 5  
rl 
rq I 
c, 
2 
0 
10 
0 
I 
0 6 5  
rl 
I(J 
3 
c, 
2 
0 
-10 
A c t u a l  V e r s u s  Predicted P a r a m e t e r  C h a n g e s  
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3.5.8 S i n g l e  P a r a m e t e r  T e s t i n g  With G a u s s i a n  Whi t e  N o i s e  
L Ho( S )  x -, I n t e g r a t o r  Noise . Generator Nominal 
> 
I n  order t o  bet ter  u . n d e r s t a n d  some of t h e  r e s u l t s  which w e r e  
o b t a i n e d  w i t h  modu . l a t ion  m a t r i x  o n e  ( S e c t i o n  3 . 5 . 5 ) ,  t h e  S i n g l e  
P a r a m e t e r  t e s t i n g  scheme was modified a s  shown i n  F i g u r e  3-22 t o  
u s e  G a u s s i a n  w h i t e  n o i s e  a s  t h e  i n p u t  s i g n a l .  
F i l t e r  
E s t i m a t o r  
F i g u r e  3-22 
N o i s e  Sou.rce T e s t i n g  
S i g n i f i c a n t  p a r a m e t e r  t e s t i n g  could n o t  be performed w i t h  t h i s  
tes t  set  u p  i n  t h e  s h o r t  t i m e  t h a t  it was s t u d i e d .  Once a g a i n  
t h e  f a c t  t h a t  t h e  e s t i m a t o r  c o e f f i c i e n t s  w e r e  d e t e r m i n e d  b a s e d  
on  j u s t  t h e  f i r s t  order T a y l o r  series e x p a n s i o n  t e r m s  was t h e  
problerr; . 
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3.5.9 S i n g l e  P a r a m e t e r  T e s t i n q  Usinq  Time Sampl ing  
Sample I 
a n d  
H o l d  
T e s t  N o m i n a l  + 
System S i g n a l  
i C i r c u i t s  
One o t h e r  S i n g l e  P a r a m e t e r  T e s t i n g  method was u s e d  which employed 
t i m e  s a m p l i n g . ( 2 6 )  
i n  Figure 3-23. 
A b l o c k  d i ag ram of t h e  t e s t  set u.p i s  shown 
- \ . a  9 A c t u a l  System f Y  
F i g u r e  3-23 
T 
The T i m e  Sampling T e s t  S e t u p  
The t e s t  s i g n a l  for t h i s  t i m e  s a m p l i n g  t e c h n i q u . e  was formed by 
r e c o r d i n g  t h e  impu. lse  response of t h e  n o m i n a l  system o n  t a p e  a n d  
t h e n  r e v e r s i n g  t h e  t a p e  end-for -end .  The s a m p l i n g  t i m e s  w e r e  
selected by p l o t t i n g  the d i f f e r e n c e  c i r c u , i t  0u.tpu.t  a s  a f u n c t i o n  
of a g i v e n  p a r a m e t e r  thaxjc cz E!!? )I-Y plo t te r .  An example  of 
t h i s  p lo t  for  c h a n g e s  i n  a g i v e n  p a r a m e t e r  i s  shown i n  F i g u r e  3-24. 
N o t e  t h a t  a t  t i m e  tl, t h e  va1u.e of t h e  error f u . n c t i o n  i s  zero re- 
g a r d l e s s  of t h e  s i z e  of t h e  p a r a m e t e r  change .  T h i s  t i m e  was t h e n  
selected a s  o n e  of t h e  sampl ing  t i m e s .  T h i s  same t y p e  of f u n c t i o n  
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was p lo t t ed  0u . t  for  t h r e e  of t h e  four  p a r a m e t e r s  of i n t e r e s t  which  
d e t e r m i n e d  t h r e e  s a m p l i n g  t i m e s .  The p lo t  for t h e  f o u r t h  f u n c t i o n  
( w  ) i s  shown i n  F i g u r e  3-25. N o t e  t h a t  t h e r e  i s  n o  o n e  t i m e  w h e r e  
t h i s  f u n c t i o n  i s  zero regardless of t h e  p a r a m e t e r  c h a n g e .  Two 
2 
2 I 
I s a m p l i n g  t i m e s  w e r e  selected f r o m  t h e  p l o t  a s  f o l l o w s .  Express 
I 
2 2 t h e  error  a s  
11"2 ) 2  o w  
E(t) = a ( t >  (F 1 + b ( t )  (r 
It i s  possible t o  select  a t i m e  t from t h e  X-Y p lo t  s u c h  t h a t  
a ( t  ) = 0 A t  t h i s  t i m e  
2 
2 
2 
2 
-1.25 = a ( t 2 )  (1) + b ( t 2 )  (1) 
-5 = a ( t 2 )  ( 2 )  + b ( t 2 )  ( 2 )  
a n d  s o l v i n g  t h e s e  t w o  e q u a t i o n s  
a ( t 2 )  = 0 
b ( t  ) = -1.25 2 
It i s  a l s o  possible t o  select  a t i m e  t f r o m  t h e  X-Y p l o t  s u c h  
t h a t  b ( t 3 )  = 0. 
3 
A t  t h i s  t i m e  
2 
2 
-4 = a ( t 3 )  (1) + b ( t 3 )  (1) 
-8 = a ( t 3 )  ( 2 )  + b ( t 3 )  ( 2 )  
a n d  s o l v i n g  t h e s e  t w o  e q u a t i o n s  
a ( t  ) = 4 
b ( t 3 )  = 0 
3 
T h i s  t h e n  i s  how t h e  f i v e  s a m p l i n g  t i m e s  w e r e  selected. The 
m o d u l a t i o n  m a t r i x  which  was  o b t a i n e d  i s  g i v e n  i n  T a b l e  3-5 a n d  
i n v e r t i n g  t h i s  m a t r i x  g i v e s  t h e  e s t i m a t o r  t o  be u s e d  i n  t h e  t e s t  
s e tu .p  . 
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Example r e s u l t s  o b t a i n e d  w i t h  t h i s  e s t i m a t o r  a r e  g i v e n  i n  T a b l e  
3-6. Each r u n  i n  t h e  t a b l e  gives t h e  a c t u . a l  p a r a m e t e r  c h a n g e s  
a n d  t h e  r e s u l t s  of t h e  p a r a m e t e r  p r e d i c t i o n  a f t e r  p e r f o r m i n g  t h e  
s i n g l e  p a r a m e t e r  t e s t i n g .  A l l  numbers i n  t h e  t a b l e  a r e  expressed I 
1 i n  p e r c e n t .  The c h a n g e s  i n  a l l  f o u r  p a r a m e t e r s  c o u l d  be e s t i m a t e d  
I w i t h  a n  a v e r a g e  error of a b o u t  4% when t h e  m a g n i t u d e  of a p a r a m e t e r  
error  (or  errors) was less t h a n  10%. When a p a r a m e t e r  error was 
g r e a t e r  t h a n  lo%, t h e  p r e d i c t i o n  a c c u . r a c y  d e c r e a s e d .  I 
The p r e d i c t i o n  a c c u r a c y  fo r  t h r e e  of t h e  p a r a m e t e r s  was much better 
t h a n  t h e  a c c u r a c y  of t h e  w3 p r e d i c t i o n .  
a n d  b 2  c o u l d  be predicted w i t h  an a v e r a g e  a c c u r a c y  of 2% when a n y  
2 
"2 , The p a r a m e t e r s  wl, 
6 v a r y  w i t h i n  a + 10% 2 of t h e  p a r a m e t e r s  wl, w2 , w 3 ,  w4, b 2 ,  - 
r a n g e .  T r y i n g  t o  a l s o  predict  w t h o u g h ,  d e c r e a s e d  t h e  a v e r a g e  
a c c u r a c y  f r o m  2% t o  4%. The r e a s o n  f o r  t h e  d i f f i c u l t y  i n  pre- 
7 d i c t i n g  w is  a g a i n  t h e  f a c t  t h a t  t h e  p a r t i a l  d e r i v a t i v e  of G 
w i t h  respect t o  w3 is  r e l a t i v e l y  s m a l l .  
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A c t u a l  V e r s u s  P r e d i c t e d  P a r a m e t e r  Changes  
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3.5.9.1 C o n f i d e n c e  Sampl ing  
T h i s  t i m e  s a m p l i n g  t e c h n i q u e  c o u l d  a l s o  be u s e d  for  Go-NO-GO 
c o n f i d e n c e  s a m p l i n g .  For example ,  i f  t h e  t i m e  a t  which  t h e  
I error d u e  t o  a c h a n g e  i n  w1 i s  a maximum i s  selected a s  t h e  
s a m p l i n g  t i m e ,  t h a n  a n  error v o l t a g e  o u t p u t  a t  t h i s  t i m e  less 
t h a n  a c e r t a i n  t h r e s h o l d  l i m i t  ( de t e rmined  f o r  t h i s  example  by 
t h a t  level  p r o d u c e d  by a 5% error i n  w would  a s s u r e  t h a t  i f  
o n l y  o n e  p a r a m e t e r  h a s  v a r i e d ,  t h e  c h a n g e  i s  
1) I 
< 10%. 
Or ( R 5 2 1  
One problem w i t h  t h i s  type of t e s t i n g  i s  t h e  p o s s i b i l i t y  t h a t  
t w o  p a r a m e t e r s  w i l l  c h a n g e  i n  o p p o s i t e  d i r e c t i o n s  su.ch t h a t  
t h e  r e s u l t a n t  error s i g n a l  i s  z e r o  a t  t h e  s a m p l i n g  t i m e .  
A n o t h e r  way t o  p e r f o r m  t h e  c o n f i d e n c e  t e s t i n g  would  be t o  detect 
t h e  maximum error s i g n a l  over t h e  complete t i m e  period. If t h e  
same t h r e s h o l d  l i m i t  i s  selected a s  i n  t h e  p r e v i o u s  c a s e  t h i s  
v o u l d  a s s u r e  t h a t  i f  o n l y  o n e  P d L a i E t S r  h a s  v a r i e d ,  t h e  c h a n g e  i s  
30% 
< 7% . 
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Again it i s  possible for  t w o  error s i g n a l s  t o  c a n c e l  e a c h  o t h e r  
out but t h e  p r o b a b i l i t y  of c a n c e l l a t i o n  over t h e  complete t i m e  
period i s  mu.ch less t h a n  a t  j u s t  one  p a r t i c u . l a r  s a m p l i n g  t i m e .  
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4.0 SUMMARY O F  RESULTS 
The t h e o r y  of g r o w i n g  e x p o n e n t i a l  s i g n a l s  h a s  b e e n  shown t o  be 
a p p l i c a b l e  t o  t e s t i n g  f irst  a n d  second  order systems. The t h e o r y  
c a n  a l s o  be u.sed for  h i g h e r  order systems u s i n g  e x p e r i m e n t a l  
methods t o  e s t a b l i s h  t h e  e s t i m a t o r  f o r  t h e  p a r a m e t e r s  t o  be mea- 
s u r e d .  
The r a n g e  i n  which  a c c u r a t e  p a r a m e t e r  measu remen t s  c a n  be made 
d e p e n d s  upon t h e  complexity of t h e  system, b u t  i n  a l l  c a s e s  t h e  
r a n g e  was a t  l e a s t  - + 10% of the nomina l  v a l u e .  T h i s  r a n g e  s h o u l d  
be s u f f i c i e n t  t o  cover t h e  desired r a n g e  of p a r a m e t e r  c h a n g e s  a n d  
e s t a b l i s h  u n d e s i r a b l e  c o n d i t i o n s  i f  they a r e  p r e s e n t .  The a v e r a g e  
a c c u r a c y  of t h e  measu remen t s  was w i t h i n  - + 3% i n  a l l  c a s e s .  The 
s i z e  of t h e  error depended  upon t h e  s e n s i t i v i t y  of t h e  p a r a m e t e r s ,  
a n d  t h e  complexity of t h e  t r a n s f e r  f u n c t i o n .  T h i s  a c c u r a c y  s h o u l d  
be s u f f i c i e n t  t o  e s t a b l i s h  h i g h  c o n f i d e n c e  i n  t h e  measurements .  
O t h e r  r e s u l t s  which  i n d i c a t e  t h e  a p p l i c a b i l i t y  of t h e  method a r e :  
a .  The minimum s i g n a l  t o  n o i s e  r a t i o  r e q u i r e m e n t  of 2 6  db 
does n o t  restrict  t h e  a p p r o a c h .  
b. I n  a brief look taken a t  a t r a n s f e r  f u n c t i o n  w i t h  a non- 
l i n e a r  coefficieEt it was f o u n d  t h a t  it d id  n o t  a p p r e -  
c i a b l y  a f f e c t  t h e  p a r a m e t e r  p r e d i c t i o n .  F u r t h e r  study 
of a n o n - l i n e a r  model of t h e  t h r u s t  vector c o n t r o l  system 
w i l l  s o o n  be u n d e r t a k e n  a n d  t h e  r e s u l t s  p u b l i s h e d  i n  a 
s u p p l e m e n t  report. 
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c. S i n g l e  p a r a m e t e r  t e s t i n g  c a n  be u.sed t o  s t u . d y  l i n e a r  
a c t i v e  n e t w o r k s  by i n t e r p r e t i n g  them a s  l i n e a r  system 
t r a n s f e r  f u n c t i o n s  w i t h  l i m i t e d  i n p u t  s i g n a l  a m p l i t u d e s .  
I m p l e m e n t a t i o n  problems which  w e r e  u .ncovered  i n  t h e  study i n d i c a t e  
t h e  i m p o r t a n c e  of t h e  f o l l o w i n g  t w o  i t e m s :  
a .  The t e s t i n g  e q u i p m e n t  s h o u l d  be w e l l  i s o l a t e d  from t h e  
system by b u f f e r  s t a g e s .  These  b u f f e r  s t a g e s  s h o u l d  
n o t  a p p r e c i a b l y  a f f e c t  t h e  t r a n s f e r  f u n c t i o n .  
b. The t e s t i n g  ecruipment shou. ld  be c o m p a t i b l e  w i t h  s i g n a l  
levels of t h e  equ ipmen t  b e i n g  measu red .  
T h e s e  t w o  problems a r e  n o t  l i m i t a t i o n s  t o  t h e  method,  b u t  t h e y  
mus t  be c a r e f u . l l y  c o n s i d e r e d .  
The t i m e  s a m p l i n g  s i n g l e  p a r a m e t e r  t e s t i n g  t e c h n i q u e  g ives  r e s u l t s  
which  a r e  c o m p a r a b l e  t o  t h e  growing  e x p o n e n t i a l  t e c h n i q u e .  The 
e s t i m a t o r  i s  e a s i e r  t o  d e t e r m i n e  w i t h  t h e  t i m e  s a m p l i n g  t e c h n i q u . e  
a n d  t h e  equ ipmen t  i n v o l v e d  i n  t h e  i m p l e m e n t a t i o n  i s  simpler.  The 
t i m e  s a m p l i n g  t e c h n i q u e  c a n  a l s o  be u s e d  for  GO-NO-GO c o n f i d e n c e  
s a m p l i n g .  A l l  of t h e  comments c o n c e r n i n g  t h e  a p p l i c a b i l i t y  of t h e  
g r o w i n g  e x p o n e n t i a l  t e c h n i q u e  a p p l y  a l s o  t o  t h e  t i m e  s a m p l i n g  a p -  
p r o a c h .  
I n  c o n c l u s i o n ,  t h e  steps t o  be t a k e n  t o  implement  s i n g l e  p a r a m e t e r  
t e s t i n g  for  a g i v e n  system a r e :  
1. Develop a n o m i n a l  system r e s p o n s e .  T h i s  r e s p o n s e  c a n  be 
d e t e r m i n e d  by t h e  s t a t i s t i c a l  measurement  of a number of 
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good systems. Once t h e  nominal  r e s p o n s e  is  d e t e r m i n e d  it 
c a n  be stored on t a p e .  
2. Develop a system model which  c a n  be u s e d  i n  t h e  d e t e r m i n a t i o n  
of a n  e s t i m a t o r .  Good methods a r e  a v a i l a b l e  f o r  t h i s  system 
t r a n s f e r  f u . n c t i o n  d e t e r m i n a t i o n .  
3 .  The e s t i m a t o r  i s  d e t e r m i n e d  by a t h e o r e t i c a l  method a s  de- 
scribed i n  S e c t i o n  2 for  f i r s t  a n d  s e c o n d  order t r a n s f e r  
f u n c t i o n s  o r  by e x p e r i m e n t a l  t e c h n i q u e s  for  h ighe r  order 
systems. 
4. The fourth s t ep  is  t h e  i m p l e m e n t a t i o n  of t h e  t e c h n i q u . e  w i t h  
t h e  a c t u a l  h a r d w a r e  t o  be t e s t e d ,  k e e p i n g  i n  mind impedance 
a n d  s i g n a l  level m a t c h i n g  c o n s i d e r a t i o n s .  
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5 . 0 CONCLUS IONS AND RECOMMENDAT I O N S  
The main objective of t h e  s t u d y  h a s  b e e n  m e t .  W e  h a v e  e s t a b l i s h e d  
a method fo r  t h e  t e s t i n g  of a c t i v e  a n d  p a s s i v e  t r a n s f e r  f u n c t i o n s .  
T h i s  method was u s e d  o n  s e v e r a l  t r a n s f e r  f u n c t i o n s  a n d  a c c u r a c y  
a n d  measu.rement t i m e  proved t o  a s  good or better t h a n  p r e s e n t  
methods  of check0u. t .  F a s t e r  check0u. t  t i m e  i s  a d i rec t  r e s u . l t  of 
t h e  me thods  s t u d i e d .  L e s s  d e g r a d a t i o n  d u e  t o  p e r f o r m a n c e  i s  a 
d i rect  result of u s i n g  smooth p r o b l i n g  s i g n a l s .  Accu.racy i s  a c -  
c e p t a b l e  over a p a r a m e t e r  r a n g e  o f  5 10% o r  more. 
It i s  t h e r e f o r e  recommended t h a t  a n  e x t e n s i o n  of t h i s  program 
be c a r r i e d  0u . t .  The emphas i s  du . r ing  t h e  e x t e n s i o n  wou.ld be p l a c e d  
o n  t h e  a p p l i c a b i l i t y  of t h e  t e s t i n g  method. The objectives of t h e  
p rogram would  be : 
1. 
2. 
3 ,  
4. 
Apply t h e  methods of s i n g l e  p a r a m e t e r  t e s t i n g  t o  l a u n c h  
veh ic l e  s y s t e m s ,  t h e  p u r p o s e  b e i n g  t o  e s t a b l i s h  t h e  re- 
q u i r e m e n t s  fo r  i m p l e m e n t a t i o n .  
Ex tend  t h e  t e c h n i q u e s  t o  p a r t i c u l a r  n o n - l i n e a r  systems. 
The i n t e n t  b e i n g  t o  e n l a r g e  t h e  c l a s s  of systems b e i n g  
a p p l i c a b l e  t o  s i n g l e  p a r a m e t e r  t e s t i n g .  
A s s e s s  t h e  u s e f u l n e s s  of s i n g l e  p a r a m e t e r  t e s t i n g  by com- 
p i l i n g  a l i s t  of equ ipmen t ,  w i t h  equipment  p a r a m e t e r s ,  
wh ich  c o u l d  be tested by s i n g l e  p a r a m e t e r  t e s t i n g  methods.  
Recommend a n  a p p r o a c h  t o  t h e  a c t u a l  i m p l e m e n t a t i o n  of t h e  
t e s t i n g  methods  fo r  t h e  equipment  o n  which t h e  t e c h n i q u e  
c a n  be u s e d .  
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